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Abstract

Conventional steady-state flow laws describing combined grain size insensitive dislocation creep and grain size sensitive diffusion creep

incorporate grain size as a single (mean) value. However, rocks exhibit distributed grain size and variations in the shape of the distribution,

such as its width, will accordingly affect rheological behavior. To evaluate this effect, we have derived composite dislocation–diffusion flow

laws describing upper and lower bounds on the rate of deformation of materials showing a grain size distribution of the commonly observed

log-normal type. The upper and lower bound flow laws obtained allow systematic investigation of the influence of the grain size distribution

parameters, i.e. the median and standard deviation, on composite rheology. The results demonstrate major effects of distribution width as well

as median value. Application to polycrystalline olivine, deforming by Coble creep and power law dislocation creep, reveals significant

implications for interpreting deformation experiments and modeling flow in the Earth’s mantle. The flow laws also provide an improved basis

for modeling the deformation of rocks during geological processes in the crust and mantle.

q 2004 Elsevier Ltd. All rights reserved.
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1. Introduction

In formulating steady state flow laws for polycrystalline

materials, the microstructure of the material is usually

regarded as fixed, with a constant, single-valued (mean)

grain size (Tsenn and Carter, 1987; Rutter and Brodie, 1988;

Kohlstedt et al., 1995). However, rocks invariably exhibit a

grain size distribution (Kretz, 1966; Ranalli, 1984; Michi-

bayashi, 1993; Newman, 1994; Miralles et al., 2000; Molli

et al., 2000; Dijkstra et al., 2002). Small grains within such a

distribution may deform by grain size sensitive mechanisms

such as diffusion creep, while larger grains may deform by

grain size insensitive dislocation creep. This means that

differences in grain size distribution parameters between

otherwise similar rock materials or samples could have

major effects on rheology (Heilbronner and Bruhn, 1998).

To evaluate such effects, a composite grain size sensitive

(GSS) and grain size insensitive (GSI) rate equation is

needed, in which the grain size distribution parameters

explicitly determine the relative (volumetric) contributions

of GSI versus GSS mechanisms (Raj and Ghosh, 1981;

Freeman and Ferguson, 1986; Wang, 1994).

Raj and Ghosh (1981) used both analytical and numerical

methods to investigate the effect of varying bimodal and

simple multimodal grain size distributions on the composite

GSS–GSI rheology of polycrystalline materials, assuming

uniform strain rate in all grains. Wang (1994) later extended

the analysis of Raj and Ghosh (1981) to investigate the

effect of varying bimodal grain size distributions on

apparent power law parameters, such as the stress exponent

(n), grain size exponent and activation energy, for the cases

of uniform strain rate and uniform stress. Both studies

demonstrated marked effects of varying grain size distri-

bution. However, rock materials usually exhibit continuous,

unimodal grain size distributions rather than (discrete)

bimodal or multimodal distributions. Using numerical

methods, Freeman and Ferguson (1986) investigated the

effects of variations in geologically realistic grain size

distributions, namely discrete log-normal and bimodal

distributions, again considering both uniform strain rate

and uniform stress cases. They showed that for distributions
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with similar mean grain size, variations in distribution type

and width have substantial effects on flow strength and on

the width of the zone, in stress–temperature space, where

both GSS and GSI mechanisms contribute significantly to

the overall strain rate.

In the present paper, we derive combined GSS–GSI

creep equations for materials showing a continuous grain

size distribution of the log-normal type commonly observed

in rocks (Kretz, 1966; Ranalli, 1984; Michibayashi, 1993;

Miralles et al., 2000; Dijkstra et al., 2002). The grain size

distribution appears explicitly in the creep equation in the

form of the median grain size and standard deviation of the

distribution of grain size, represented by the volume-

equivalent diameter. Composite creep equations are

derived, assuming either the applied stress or strain rate to

be homogeneous throughout the material. These equations,

respectively, describe lower and upper bounds for the rate of

deformation, in a manner analogous to the Reuss and Voight

bounds for elastic behavior (Hashin, 1964; Hill, 1965; Tullis

et al., 1991). After a general derivation, we focus on Coble

creep and dislocation creep. Though several approximations

are made, our flow laws possess the advantage of algebraic

form allowing systematic investigation of the effect of the

distribution parameters on rheology. In addition, they can be

applied to any material deforming under experimental or

natural conditions in more or less the same way as

conventional flow laws, provided grain size is spatially

non-correlated (i.e. the material does not form weak

interconnected layers of small grains or load bearing

frameworks of large grains, cf. Handy, 1990), the grain

size distribution is of a log-normal type and the distribution

parameters have been analyzed. We have limited ourselves

to lognormal distributions, but other types of grain size

distributions can be modeled following the same procedure

as presented in this study.

In addition to deriving composite flow laws for

distributed grain size, we apply our flow laws to describe

the rheological behavior of polycrystalline olivine, using

flow law parameters from Karato et al. (1986). The results

show that varying the standard deviation of the grain size

distribution at constant median grain size and temperature

can yield order of magnitude changes in strain rate, as well

as switches between dislocation and diffusion dominated

creep with associated rheological softening or hardening.

The olivine example illustrates the importance of incorpor-

ating grain size distributions in the calibration and

application of flow laws.

2. Model development

Our model addresses a single-phase polycrystalline

material, with spatially non-correlated, log-normally dis-

tributed grain size, undergoing steady state, axi-symmetric

deformation by GSS and GSI mechanisms, operating as

independent, parallel-concurrent processes (Poirier, 1985,

p. 79). In the latter stages of our treatment, we restrict

attention to Coble creep (Coble, 1963), and power law,

recovery-controlled dislocation creep (Weertman, 1968;

Frost and Ashby, 1982, p. 12). The Coble creep mechanism

considered here occurs by solid-state diffusion along grain

boundaries accommodated by grain boundary sliding. The

analysis can easily be modified to incorporate other GSS

mechanisms, such as solid state diffusion through the crystal

lattice accommodated by grain boundary sliding (Nabarro,

1948; Herring, 1950), grain boundary sliding with grain

neighbor switching accommodated by solid state diffusion

(Ashby and Verall, 1973) or dislocation processes (e.g.

Mukherjee, 1975), or other GSI mechanisms (e.g., Poirier,

1985, pp. 94–124). We follow a three-step approach. In the

first step, a composite diffusion–dislocation flow law for a

single-valued grain size (Fig. 1a and b) is obtained (Frost

and Ashby, 1982; Poirier, 1985). In the second step,

composite flow laws for discrete grain size distributions

(Fig. 1c and d) are derived, making end member assump-

tions that stress or strain rate is distributed homogeneously

throughout the material. The average bulk strain rate or

Fig. 1. Schematic diagrams of polycrystalline aggregates with a single-

valued grain size (a) and a distributed grain size (c), plus corresponding

probability density distributions (b) and (d). For the distributed grain size

(c), discrete and continuous log-normal probability density distributions are

shown (d). Note that the local strain rate _e i, stress si and grain size di vary

from grain to grain (interval to interval) in (c) but are uniform in (a). Grain

size distributions can be viewed as distributions of grain diameter d or

radius r ¼ d/2.
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stress is obtained by summing the values associated with

individual grain size classes according to their volume

fraction (i.e. by volume averaging) following Raj and Ghosh

(1981). In the third step, a continuous log-normal grain size

distribution (Aitchison and Brown, 1957) is incorporated

into the composite flow law (Fig. 1d). All symbols used in

our analysis are defined in Table 1.

2.1. Composite flow law for a single-valued grain size

We use the following theoretical rate equation for

diffusion creep of a polycrystalline material characterized

by a single-valued grain size d (see Fig. 1a and b):

_ediff ¼
AdiffbDdiffm

kT

b

d

� �m s

m

� �
ð1Þ

This represents grain boundary sliding accommodated by

grain boundary diffusion (called Coble creep hereafter) if

m ¼ 3 and Ddiff ¼ pdDb/b, or grain boundary sliding

accommodated by lattice diffusion (Nabarro–Herring

creep) if m ¼ 2 and Ddiff ¼ Dv (see Table 1). If grain

boundary sliding is accommodated by dislocation processes,

a nonlinear dependence of strain rate on stress is introduced

in Eq. (1), but for simplicity we restrict the derivation to

GSS mechanisms that show a linear dependence of strain

rate on stress. For power law dislocation creep, we use

(Frost and Ashby, 1982, p. 12):

_edisl ¼
AdislbDdislm

kT

s

m

� �n

ð2Þ

Microphysical models for climb-controlled dislocation

creep typically predict n-values of 3 or 4.5, and possibly

up to 6 (Weertman, 1968). However, other values of n are

often found experimentally, and although it is doubtful if

Eq. (2) can be applied when n . 5, it can conveniently be

used to describe the creep rate accurately if 3 # n # 5

(Poirier, 1985, p. 111). Since the above GSS and GSI

mechanisms contribute independently to the overall strain

rate, summation gives the composite flow law:

_e ¼
AdiffbDdiffm

kT

b

d

� �m s

m

� �� �
þ

AdislbDdislm

kT

s

m

� �n� �
ð3Þ

2.2. Composite flow law for discrete grain size distributions

Consider a polycrystalline material characterized by a

discrete grain size distribution consisting of j grain radius

classes, each centered about a radius ri ¼ di/2 and of width

Dr (Fig. 1c and d). For an individual grain size class in such

a distribution, Eq. (3) yields:

_e i ¼
AðTÞ

rm
i

�si þ BðTÞ �s
n
i ð4Þ

where

AðTÞ ¼
Adiffb

mþ1Ddiffm

2mkT
;

BðTÞ ¼
AdislbDdislm

kT

Table 1

List of symbols used with explanation and S.I. units

Symbola Description, expression [units]

A(T), B(T) Temperature dependent material parameter diffusion

creep [mm s21], dislocation creep [s21]

A Rate constant

b Magnitude of Burgers’ Vector [m]

C Normalized factor containing material parameters,

distribution parameters and temperature

d Grain size (diameter), d ¼ 2r [m]

dr Grain size interval in a continuous distribution [m]

D0, D (Pre-exponential) diffusion coefficientb,

D ¼ D0exp
�
2Q
RT

�
, Ddiff ¼ Dv þ

pd
b

Db [m
2 s21]

Fð �sp
_e ;f; n;mÞ Empirical fitted function

i, j Grain size class number, total number of grain size

classes in a discrete distribution

k Boltzmann’s constant [J K21]

K Shape factor, K ¼ 4
3
p for spherical grains

m, n Grain size, power law stress exponent

Nt Total number of grains in a polycrystalline material

p, q Constants

Q Activation energy [J mol21]

r Grain radius, r ¼ 1
2

d [m]

R Gas constant [J mol21 K21]

S Normalized strain rate

T Absolute temperature [K]

v Volume fraction

Vt Total volume of material [m3]

X Grain size (distribution) term [m]

z Substitution variable

a, b, g Empirical constants in function Fð �sp
_e ;f; n;mÞ

d Diffusive thickness of a grain boundary [m]

D Error in strain rate between _e
rough
_e and _e true_e [%]

Dr Width of a grain size class in a discrete distribution [m]

_e Strain rate [s21]

f Standard deviation of a log-normal grain size

distribution

m Shear modulusb [Pa]

p Constant pi

�s, s (Normalized) flow stress, �s ¼ ðs=mÞ, �sp
s ¼ �ss= �s

int
s [Pa]

L(r) Probability density function of grains in a continuous

distribution

a Sub- or superscript ‘diff’: for pure diffusion creep (single mechanism),

e.g. Adiff, Ddiff, D0diff, Qdiff, _ediff , �sdiff , _ediff_e ; sub- or superscript ‘disl’: for

pure dislocation creep (single mechanism), e.g. Adisl, Ddisl, D0disl, Qdisl, _edisl,

�sdisl
_e ; subscript ‘b’: grain boundary diffusion, e.g. Db, Qb; subscript ‘v’:

lattice diffusion, e.g. Dv, Qv; Subscript ‘i’: for grains in class i of a discrete

distribution, e.g. di,ri, vi, _e i, si, �si; subscript ‘j’: for grains in the last class of

a discrete distribution, e.g. vj _e j, �sj; subscript ‘med’: median of a continuous

log-normal distribution, e.g. dmed, rmed; subscript ‘ _e’: for a continuous log-

normal distribution assuming uniform strain rate, e.g. _e _e , s _e , �s _e ; subscript

‘s‘: for a continuous log-normal distribution assuming uniform stress, e.g.

_es, ss, �ss; superscript ‘rough’, ‘approx’, ‘true’: rough, approximated, true

value, e.g. _e
rough
_e , _e

approx
_e , _e true_e ; superscript ‘int’: at the intersection between

pure diffusion and pure dislocation creep (single mechanisms), e.g. �sint
_e ;

‘(r)’: for grains of radius r in a log-normal distribution, e.g. _eðrÞ, �sðrÞ.
b Frost and Ashby (1982).
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and

�si ¼
si

m

In order to derive equations for the overall creep rate of

our material, we now make the following assumptions: (i)

grain size is spatially non-correlated, i.e. no interconnected

weak layers of fine grains or load-bearing frameworks of

large grains, analogous to some two phase materials with

strong viscosity contrast between the phases, are formed

(Handy, 1990), (ii) the morphology of grains does not

change between individual classes and (iii) either stress or

strain rate is uniform throughout the sample. Together with

Eq. (3), assumption (iii) implies that strain rate or stress

must vary abruptly from grain to grain according to grain

size (Raj and Ghosh, 1981; Freeman and Ferguson, 1986).

In real polycrystals, strain compatibility and stress equili-

brium are maintained by more continuous stress and strain

rate gradients, analogous to the distribution of stress and

strain between different phases in polyphase materials (Raj

and Ghosh, 1981; Tullis et al., 1991).

If the stress is assumed to be uniform throughout a

material with distributed grain size, Eq. (4) requires that the

grains in different grain size classes will deform at different

rates. We assume that the contribution of each grain size

class to the bulk strain rate ( _es) is determined by the volume

fraction vi of the grains in that class (Tullis et al., 1991). In

other words, the bulk creep rate under given conditions can

be obtained by volume-averaging the strain rates as given by

Eq. (4) for the individual grain size classes (Raj and Ghosh,

1981; Freeman and Ferguson, 1986), so that

_es ¼ _e1v1 þ _e2v2 þ … þ _e jvj ¼
Xi¼j

i¼1

_e ivi

¼
X

i

AðTÞ

rm
i

�si þ BðTÞ �s
n
i

 !
vi ð5aÞ

If the strain rate is assumed to be uniform throughout the

material, the normalized bulk stress �s _e can be similarly

obtained by volume-averaging the stresses �si for the

individual grain size classes given by Eq. (4), so that

�s _e ¼ �s1v1 þ �s2v2 þ … þ �sjvj ¼
X

i

�sivi ð5bÞ

Here, �si is the root of Eq. (4) for each grain size class at the

imposed strain rate. Eqs. (5a) and (5b) constitute bulk s2 _e

relations, which can be investigated numerically, as Free-

man and Ferguson (1986) did, by inserting vi values

reflecting specific discrete grain size distributions.

2.3. Composite flow laws for a continuous grain size

distribution

For continuous distributions, the number of grain size

classes j ! 1 and the class interval dr ! 0. If an

appropriate probability density function L(r) is chosen to

describe the grain radius distribution (cf. Fig. 1d) and the

total number of grains in volume Vt is Nt, then the number of

grains falling in a radius interval dr of L(r) is L(r)drNt.

Since the volume of each grain is Kr3i (where K is a shape

factor, equal to 4/3p for spherical grains), the volume

fraction of grains falling in the radius interval dr is

(L(r)drNtKr 3)/Vt. For a continuously distributed grain size

(Eqs. (5a) and (5b)) can hence be re-written in the form:

_es ¼
ð1

0
_eðrÞ

LðrÞNtKr3

Vt

 !
dr ð6aÞ

and

�s _e ¼
ð1

0
�sðrÞ

LðrÞNtKr3

Vt

 !
dr ð6bÞ

In order to evaluate the integrals of Eqs. (6a) and (6b), the

distribution of 3-D grain radii in natural rock materials is

required. Quantification of 3-D grain size distributions is a

difficult task. Except for some studies that determine 3-D

grain size distributions from 2-D measurements of linear

intercepts or grain area (e.g. Heilbronner and Bruhn, 1998),

almost all studies report 2-D grain size distributions. These

grain size distributions may take a variety of forms,

depending on the relative contribution of the microphysical

processes that were involved in producing the microstruc-

ture. However, there is evidence that the distribution of 2-D

grain size is approximately log-normal in materials that

have undergone dynamic recrystallization or grain growth,

both in nature (Kretz, 1966; Ranalli, 1984; Michibayashi,

1993; Dijkstra et al., 2002) and experiment (Humphreys and

Hatherly, 1996; Post and Tullis, 1999). Although there is

some indication that log-normality of distributions is

maintained upon conversion from 2-D to 3-D grain size

(Schückher, 1968), this cannot be taken as a general rule and

3-D grain size distributions may differ from the 2-D

distribution they were derived from (Heilbronner and

Bruhn, 1998). It is beyond the scope of this paper to discuss

in detail the 2-D to 3-D conversion of grain size and its

consequences for the shape of the distribution. For most

grain size distributions, the error in strain rate that is

introduced by assuming that the 3-D grain size distributions

are log-normal will be negligible compared with the error

that is introduced if grain size is taken as a single value.

More complex distributions may be modeled by introducing

more complex descriptions ofL(r) in Eqs. (6a) and (6b). For

example multimodal distributions may be represented by

adding several log-normal distributions, yielding separate

terms for each distribution in the integral of Eqs. (6a) or

(6b). In this study, we assume that L(r) can be described by

the standard log-normal probability density distribution:

LðrÞ ¼
1ffiffiffiffi
2p

p
f

1

r
exp 2

ðlnr 2 lnrmedÞ
2

2f2

" #
ð7Þ
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for which the area beneath the curve is unity, i.e.
Ð1
0 LðrÞ

dr ¼ 1 (Aitchison and Brown, 1957). The parameters

characterizing the distribution are the median grain radius

(rmed) and standard deviation (f). For this distribution, the

total volume of grains can be expressed as:

Vt ¼
ð1

0
NtKr3LðrÞdr

¼
NtKffiffiffiffi
2p

p
ð1

0

r2

f
exp 2

ðlnr 2 lnrmedÞ
2

2f2

" #
dr ð8Þ

Putting z ¼ ðlnr 2 lnrmedÞ=f then leads to:

Vt ¼
NtKffiffiffiffi
2p

p r3med

ð1

21
exp 2

1

2
z2 þ 3fz

� �
dz ð9Þ

which, using the standard integral given by Gradshteyn and

Ryzhik (1980):

ð1

21
exp 2p2z2 ^ qz

h i
dz ¼

ffiffi
p

p

p
exp

q2

4p2

" #
for p . 0 ð10Þ

reduces to

Vt ¼ NtKr3medexp
9

2
f2

� �
ð11Þ

2.3.1. Flow law assuming homogeneous stress

The overall creep rate of a polycrystalline material with a

log-normal grain size distribution, for the case that the stress

�s ¼ s=m is uniform (i.e. constant) throughout the aggregate,

can now be found by putting Eqs. (11) and (7) and the

expression for _eðrÞ embodied by Eq. (4) into Eq. (6a). This

yields

_es ¼
1ffiffiffiffi

2p
p

fexp½ 9
2
f2�r3med

ð1

0
ðAðTÞr22m

�ss þ BðTÞr 2
�s

n
s Þ

£ exp 2
ðlnr 2 lnrmedÞ

2

2f2

" # !
dr ð12Þ

which, using the aforementioned substitution

z ¼ ðlnr 2 lnrmedÞ=f, and standard integral (10) reduces to

_es ¼
AdiffbDdiffm

kT

b

exp½ð32 1
2

mÞf2�dmed

 !m
ss

m

� �" #

þ
AdislbDdislm

kT

ss

m

� �n� �
ð13Þ

Note that the first term on the right of this equation gives the

strain rate (flow law) for diffusion creep in materials with a

log-normal grain size distribution, assuming homogeneous

stress (cf. Eq. (1)).

2.3.2. Flow law assuming homogeneous strain rate

The derivation of a flow law under the assumption that

the strain rate is uniform throughout a polycrystalline

material is more difficult, since it requires finding an

expression for �s ¼ �sð _e ; r; TÞ in Eq. (6b), i.e. for the stress

in individual grains of radius r ( ¼ d/2). This is not

straightforward as it means solving for �s ¼ s=m in Eq.

(3)—an nth-order polynomial in �s where n is the power law

stress exponent taking values between 3 and 5. The problem

can be tackled by first evaluating Eq. (6b) separately for

dislocation and diffusion creep. An expression for �sð _e ; r;TÞ

when deformation takes place by diffusion creep alone in a

single grain is given by Eq. (1) as:

�sdiff ¼
kT _ediff

AdiffbDdiffm

b

d

� �m

¼
_ediffr

m

AðTÞ
ð14Þ

where d ¼ 2r and A(T) is defined as in Eq. (4). Putting Eqs.

(7), (11) and (14) into Eq. (6b) and again using our

substitution z ¼ ðlnr 2 lnrmedÞ=f plus standard integral

(10), now yields

�s
diff
_e ¼

_ediff_e

AðTÞ
ffiffiffiffi
2p

p
fexp½ 9

2
f2�r3med

ð1

0
rmþ2exp 2

ðlnr 2 lnrmedÞ
2

2f2

" #
dr

¼
ðexp½ð3þ 1

2
mÞf2�rmedÞ

m _ediff_e

AðTÞ

ð15Þ

This is the volume averaged stress for a material with log-

normal grain size distribution deforming by diffusion creep

at uniform strain rate _ediff_e . When deformation occurs by

pure dislocation creep, �s in Eq. (6b) is independent of grain

size and is uniform in all grains, as described by Eq. (2).

Rearranging Eq. (2) and using the definition of B(T) given in

Eq. (4), yields

�s
disl
_e ¼

_edisl_e

BðTÞ

 ! 1
n

ð16Þ

for the volume averaged (uniform) stress when deformation

occurs by dislocation creep at a homogeneous strain rate

_edisl_e . Rearranging Eqs. (15) and (16) to give _e _e , putting

�sdiff
_e ¼ �sdisl

_e ¼ �s _e and summing now gives the following

rough expression for the bulk creep rate of a polycrystalline

material for the case that strain rate is homogeneously

distributed in all grains:

_e
rough
_e ¼

AðTÞ

ðexp½ð3þ 1
2

mÞf2�rmedÞ
m

�s _e þ BðTÞ �s
n
_e ð17Þ

Note that the first term on the right here gives an expression

for strain rate in terms of bulk stress, which is in fact a

diffusion creep law for materials with a log-normally

distributed grain size, assuming homogeneous strain rate

(cf. Eq. (15)). This expression and the first term on the right

of Eq. (13), which assumes homogeneous stress, give upper

and lower bounds for the diffusion creep rate of materials

with a log-normally distributed grain size. These expres-

sions account for variations in standard deviation as well as

median grain size and can be used in their own right to
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describe or analyze the behavior of materials undergoing

pure diffusion creep.

Eq. (17) closely approximates the exact relationship

between bulk homogeneous strain rate _e and bulk stress �s _e

only if one mechanism dominates. The true solution for

_e _e ¼ _e _e ð �s _e Þ can be determined iteratively, by first deter-

mining �s ¼ s=m from Eq. (3) at fixed strain rate and fixed T,

for a large range of realistic r-values. Subsequently, the

integral in Eq. (6b) is evaluated by incrementally summing

with respect to r, yielding �s _e . The whole operation is then

repeated for different strain rates. The discrepancy or error

in strain rate between the rough solution, given by Eq. (17),

and the true strain rate ( _e true_e ) is defined here as

D ¼
_e true_e 2 _e

rough
_e

_e true_e

 !
£ 100% ð18Þ

This error will be negligible towards low- and high-

normalized stresses, where diffusion creep or dislocation

creep, respectively, dominates, but large when both

mechanisms contribute significantly to _e _e . In addition, D

will be small for small standard deviations, because the term

exp½ð3þ m=2Þf2� in Eq. (17) then approaches unity (single-

valued grain size). The error D is dependent on all quantities

appearing on the right hand side of Eq. (17), i.e. on A(T),

B(T), rmed, f, n, m and �s _e , but the error for a given material

(fixed n, m, A(T), B(T)) with constant grain size distribution

(fixed rmed, f) deforming at fixed conditions is only

dependent on �s _e . The effects of A(T), B(T) and rmed can

be removed by normalizing �s _e with respect to �sint
_e , the

normalized stress at the intersection between the diffusion

and dislocation creep terms in Eq. (17) (i.e. the stress at

which both terms contribute equally to the overall strain

rate), using �sp
_e ¼ �s _e = �s

int
_e ¼ �s _e = �s

int
_e . When this is done, all

curves of D versus �sp
_e coincide for given n, f and m, because

the curves become independent of material parameters A(T)

and B(T), temperature T and median grain radius rmed. The

resulting D vs. �sp
_e master-curve is roughly bell-shaped,

peaking near �sint
_e . The function has been explored

numerically by varying �sp
_e , n and f through reasonable

ranges, for both m ¼ 2 and m ¼ 3. This procedure showed

(see results for m ¼ 3 in Table 2) that D can be accurately

approximated by the exponential distribution function

Fð �s
p
_e ;f; n;mÞ ¼ exp aþ b �s

p0:5
_e lnð �s

p
_e Þ þ glnð �s

p
_e Þ
2

� 	
ð19Þ

in which a, b and g are three independent parameters. Using

this in the relation (cf. Eq. (18))

_e
approx
_e ¼ _e

rough
_e

1

12 Fð �sp
_e ;f; n;mÞ

 !
ð20Þ

allows _e true_e to be approximated by _e
approx
_e . This yields as a

final result for the overall creep rate of a polycrystalline

material with a log-normal grain size distribution, for the

case that strain rate is uniform (i.e. constant) throughout the

aggregate

_e
approx
_e ¼

("
AdiffbDdiffm

kT

 
b

exp½ð3þ 1
2

mÞf2�dmed

!m 
s _e

m

!#

þ

"
AdislbDdislm

kT

 
s _e

m

!n#)(
1

12 Fð �sp
_e ;f; n;mÞ

)

where

�s
p
_e ¼ �s _e = �s

int
_e ¼ �s _e = �s

int
_e

with

�s
int
_e ¼

AdiffDdiff

AdislDdisl

� � 1
n21 b

exp½ð3þ 1
2

mÞf2�dmed

 ! m
n21

ð21Þ

We further focus on Coble creep with m ¼ 3 (cf. Karato

et al., 1986). Values for the parameters a, b and g for m ¼ 3

are given in Table 3 (the entire range of �sp
_e from pure

diffusion creep to pure dislocation creep was covered in the

numerical exploration, taking 3 # n # 5 and 0 # f # 1.2).

Using these values for m ¼ 3, _e true_e is approximated by

_e
approx
_e within a factor of 0.9–1.1 for n ¼ 3 and f ¼ 1.2, and

within 0.5–1.5 for n ¼ 5 and f ¼ 1.2, which is adequate for

most purposes.

3. Discussion

We have derived constitutive equations describing

composite diffusion plus dislocation creep for polycrystal-

line materials with a log-normally distributed grain size,

assuming that either stress or strain rate is uniform

throughout the aggregate. The two equations ((13) and

(21)) allow investigation of the effect of varying grain size

distribution on the rheology of materials deforming by these

mechanisms. Note that the two equations represent upper

and lower bounds for the rate of deformation in composite

diffusion–dislocation creep of materials with a log-normal

grain size distribution (Raj and Ghosh, 1981; Freeman and

Ferguson, 1986; Tullis et al., 1991). We will now explore

the differences between our composite flow laws and

composite flow laws based on a single-valued grain size

using polycrystalline olivine as an example. We focus

attention on Coble creep and dislocation creep, for which

the composition equation (21) has been fully explored.

Finally, the implications for the rheology of other rock

materials and for the application of flow laws to modeling

and interpretation of natural rock deformation are discussed.

3.1. Universal deformation maps and the effect of grain size

distribution on olivine

In order to make inferences about the effect of distributed

grain size on the rheology of polycrystalline materials,

the flow laws for a single-valued grain size (Eq. (3)) and a
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log-normally distributed grain size assuming homogeneous

stress (Eq. (13)) or homogeneous strain rate (Eq. (21)) are

written in dimensionless form, i.e. in terms of normalized

strain rate S. This yields

S ¼ C
s

m

� �
þ

s

m

� �n� �
1

12 Fð �sp;f; n;mÞ

� �
ð22Þ

where

S ¼
_ekT

AdislbDdislm

and

C ¼
AdiffD0diff

AdislD0disl

b

X

� �m

exp
Qdisl 2 Qdiff

RT

� �

Here, X ¼ d and Fð �sp;f; n;mÞ ¼ 0 for a single-valued grain

size (cf. Eq. (3)). For a log-normally distributed grain size

and homogeneous stress (cf. Eq. (13)), X ¼ exp½ð32

m=2Þf2Þ�dmed and Fð �sp;f; n;mÞ ¼ 0. For a log-normally

distributed grain size, homogeneous strain rate and Coble

creep (cf. Eq. (21)), m ¼ 3, X ¼ exp½ð3þ m=2Þf2Þ�dmed and

Fð �sp;f; n;mÞ is given by Eq. (19). With the dimensionless

flow laws given in Eq. (22), universal deformation

mechanism maps with pre-set C/n contours can be

constructed in which dimensionless strain rate S is plotted

versus dimensionless stress �s. The advantage of these maps

is that they apply to any single phase material in which grain

size is spatially non-correlated, and any set of deformation

conditions at which diffusion and dislocation creep are

active. In one map, different materials and differences in

deformation conditions or grain size (distribution) are

represented by different C/n contours and can be investi-

gated in the same map. In contrast, conventional maps

(Frost and Ashby, 1982) apply to a single material with

constant grain size, temperature, stress or strain rate,

depending on the type of map (e.g. stress-temperature,

grain size-stress, etc.).

In order to explore the differences between our

composite flow laws and composite flow laws based on a

single-valued grain size, we have constructed three

universal deformation mechanism maps (Figs. 2–4). Fig.

2 shows a map for general materials with a single-valued

grain size, constructed for different combinations of the

power law stress exponents (n ¼ 3, 4, 5) and values of the

constitutive parameter C. Fig. 3 shows a map for materials

with a log-normal grain size distribution, constructed for a

power law stress exponent n of 3 or 5 and different values of

C for homogeneous stress and strain rate. The C/n contours

for homogeneous strain rate are drawn for standard

deviations f of 0, 0.5, 0.8 and 1.0. Fig. 4 shows a map for

wet olivine with the log-normal grain size distributions as

depicted in the inset (dmed ¼ 100 mm,f ¼ 0–1.2), deforming

by Coble creep (m ¼ 3) and power law dislocation creep

(n ¼ 3) at T ¼ 1273 K. We used experimental data of

Karato et al. (1986) for the rheology of wet olivine (Table 3)

to construct this map, assuming this to apply for a single-

valued grain size (though the data were of course derived

from experiments on olivine rock with distributed grain

size). Note that Karato et al. (1986) inferred deformation to

occur by dislocation creep at high stress and Coble creep at

low stress.

All maps have the following general characteristics. (1)

The slope of individual curves (individual C/n contours)

reflects the stress exponent of the dominant deformation

mechanism. (2) All contours change in slope from n (the

power law stress exponent) at high normalized stresses to

one at low normalized stresses, reflecting dominant

dislocation creep and diffusion creep, respectively. (3)

With increasing temperature and (median) grain size C

decreases (see Eq. (22)), so that at constant �s the normalized

strain rate S will also decrease and power law dislocation

creep will become increasingly important. In some cases a

switch in deformation mechanism from diffusion to power

law dislocation creep or vice versa can occur. The map of

Fig. 2 can be used to illustrate examples of the effect of

increasing temperature at constant grain size (T ¼ 1073–

1473 K, d ¼ 500 mm, points 1–2 in Fig. 2) and increasing

grain size at constant temperature (d ¼ 100–500 mm,

Table 2

Expressions for parameters a, b and g versus stress exponent n (quoted in

table heading) with constants a and b used in the expression for each

standard deviation f. Parameters a, b and g evaluated for m ¼ 3 (Coble

creep). With a, b and g, the empirical function Fð �sp
_e ;f; n;mÞ, given by Eq.

(19), can be used to reduce the error in strain rate to acceptable levels for

deformation assuming homogeneous strain rate. The expressions can be

used to estimate a, b and g and determine Fð �sp
_e ;f; n;mÞ for any stress

exponent in the range n ¼ 3–5 and any standard deviation in the range

f ¼ 0–1.2 by linear interpolation between the quoted values

Standard

deviation

Expression

a ¼ ða þ be2nÞ21

Expression

b ¼ a þ bn

Expression

g ¼ ða þ b=n2Þ21

0.1 a ¼ 20.335 a ¼ 1.13082 a ¼ 0.2339

b ¼ 0.4619 b ¼ 20.5664 b ¼ 219.96

0.2 a ¼ 20.581 a ¼ 0.6056 a ¼ 0.1760

b ¼ 1.203 b ¼ 20.3515 b ¼ 225.93

0.3 a ¼ 20.919 a ¼ 0.4155 a ¼ 0.1316

b ¼ 2.434 b ¼ 20.2459 b ¼ 236.37

0.4 a ¼ 21.41 a ¼ 0.3025 a ¼ 0.05871

b ¼ 24.499 b ¼ 20.1780 b ¼ 252.12

0.5 a ¼ 22.14 a ¼ 0.2256 a ¼ 20.06970

b ¼ 8.046 b ¼ 20.1305 b ¼ 275.29

0.6 a ¼ 23.28 a ¼ 0.1697 a ¼ 20.2600

b ¼ 14.29 b ¼ 20.09589 b ¼ 2109.4

0.7 a ¼ 25.12 a ¼ 0.1279 a ¼ 20.5423

b ¼ 25.50 b ¼ 20.07032 b ¼ 2159.0

0.8 a ¼ 28.18 a ¼ 0.09565 a ¼ 20.8690

b ¼ 45.96 b ¼ 20.05110 b ¼ 2232.0

0.9 a ¼ 213.5 a ¼ 0.06933 a ¼ 21.352

b ¼ 84.11 b ¼ 20.03635 b ¼ 2336.0

1.0 a ¼ 222.8 a ¼ 0.05172 a ¼ 21.333

b ¼ 155.7 b ¼ 20.02595 b ¼ 2500.6

1.1 a ¼ 239.5 a ¼ 0.03773 a ¼ 20.1743

b ¼ 285.9 b ¼ 20.01821 b ¼ 2761.9

1.2 a ¼ 269.4 a ¼ 0.02767 a ¼ 4.304

b ¼ 512.3 b ¼ 20.01277 b ¼ 21201
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T ¼ 1273 K, points 3–4 in Fig. 2) for wet olivine with a

single-valued grain size.

Note that the definition of the constitutive parameter C,

given by Eq. (22), differs between the maps. The shape and

position of the C/n contours for a single-valued grain size

(Fig. 2) and for a distributed grain size assuming

homogeneous stress (Figs. 3 and 4) are the same, because

the second main term in Eq. (22) is unity in both cases. For a

distributed grain size and assuming homogeneous strain

rate, the shape of the C/n contours is determined by the

function Fð �sp;f; n;mÞ (Fig. 3). The difference between the

homogeneous stress (thick) and homogeneous strain rate

(thin) contours increases with increasing distribution width

f, being largest at the mechanism transition where both

diffusion and dislocation creep contribute significantly to

the overall strain rate. When f ¼ 0, which is equivalent to a

single-valued grain size, both stress and strain rate are

distributed homogeneously throughout the material and the

contours for homogeneous stress and strain rate coincide.

For both homogeneous stress and homogeneous strain rate

the volume fraction of grains deforming by dislocation

creep increases with increasing f for a given stress and dmed.

This is accompanied by a decrease in C and S. For constant

C and homogeneous strain rate, the range in �s covering the

transition between diffusion and dislocation creep, changes

from approximately one order of magnitude for small f to

more than five orders of magnitude for f . 1.0 and n ¼ 3

(Fig. 3). Thus, when strain rate is homogeneous, the region

where the two deformation mechanisms contribute signifi-

cantly to the overall strain rate expands considerably in a

material with distributed grain size.

We will now evaluate the effect of varying the standard

deviation on the rheology of olivine rock with a distributed

grain size using Fig. 4. As f decreases from 1.2 to 0 (single-

valued grain size), C increases from 3 £ 1029 for homo-

geneous stress or 7 £ 10215 for homogeneous strain rate to

2 £ 1026. For olivine deforming at a normalized stress of

7.4 £ 1025 (,5 MPa), this means that S increases by more

than two orders of magnitude from 6 £ 10213 (homo-

geneous stress) or 4 £ 10213 (homogeneous strain rate) to

1 £ 10210, equivalent to an increase in absolute strain rate

of more than two orders of magnitude from 2 £ 10212 to

5 £ 10210 s21. In addition, a switch in rheological behavior

from dominantly dislocation to dominantly Coble creep

occurs, as shown at 5 MPa in Fig. 4. Fig. 5 illustrates the

effect of decreasing f on absolute strain rate (in s21) for

olivine deforming at ,5 MPa and 1273 K in detail. The

increase in strain rate is even greater towards lower stresses,

but decreases towards higher stresses where grain size

insensitive dislocation creep becomes more important.

The above example for olivine (Figs. 4 and 5)

demonstrates a substantial change in strain rate of wet

polycrystalline olivine (with fixed dmed) deforming at a

given stress if the width of the grain size distribution

changes. Conventional flow laws that regard grain size as

single-valued do not account for this effect and would

predict strain rates similar to the strain rate at f ¼ 0 for the

entire range in f (Fig. 5). It should be noted, however, that

the flow parameters of olivine used (Table 3) are determined

for olivine with a specific (unreported) grain size distri-

bution, but fitted to a flow law for a single-valued grain size

(Karato et al., 1986). Strictly then, these parameters should

not be used in flow laws for a distributed grain size. Rather,

true flow law parameters should be determined indepen-

dently by fitting flow laws for distributed grain size to

mechanical data obtained for materials with a known grain

size distribution. Only then can the absolute changes in _e

related to a change in f be accurately evaluated. The present

Table 3

Constants and flow law parameters for Coble (Adiff, D0diff, Qdiff) and dislocation (Adisl, D0disl, Qdisl) creep in olivine from Karato et al. (1986) and Frost and

Ashby (1982)

Parameter Value Dimensions Remarksa

Adiff
pd
b

D0diff 0.251 – Calculated from rate constant quoted in Karato et al.

(1986) and values from Frost and Ashby (1982)

AdislD0disl 2.80 £ 1024 – Calculated from rate constant quoted in Karato et al.

(1986) and D0disl value from Frost and Ashby (1982)

b 6.0 £ 10210 m Frost and Ashby (1982)

k 1.381 £ 10223 J K21

m 3 – Karato et al. (1986)

n 3 – Karato et al. (1986)

m 7.10 £ 1010 Pa For T ¼ 1073 K Temperature-dependent, data and

equations from Frost and Ashby (1982) used

6.83 £ 1010 For T ¼ 1273 K

6.57 £ 1010 For T ¼ 1473 K

Qdiff 250,000 J mol21 Karato et al. (1986)

Qdisl 420,000 J mol21 Karato et al. (1986)

R 8.314 J mol21 K21

a Note that the data from Karato et al. (1986) are for grain boundary diffusion (Coble) creep and dislocation creep of wet hot-pressed San Carlos olivine and

the data from Frost and Ashby (1982) are from various sources.
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example (Figs. 4 and 5) nonetheless illustrates that variation

in standard deviation can have a major effect on the

rheology of materials such as olivine.

3.2. Implications for the rheology of rock materials in

general

We now address the question of what the general

implications of the present model are for the rheology of

materials in nature and experiment. From the foregoing, it is

evident that three inter-related points need consideration:

(1) The calibration of flow laws using laboratory data.

Mechanical data obtained from laboratory deformation

experiments are often fitted to single mechanism flow

laws, incorporating a single-valued grain size (Frost

and Ashby, 1982). The present analysis shows that in

many cases grain size distributions consist of small

grains deforming by GSS deformation mechanisms and

large grains deforming by GSI deformation mechan-

isms. In addition, the transition zone between both GSS

and GSI mechanisms may spread out over several

orders of magnitude in stress (cf. Fig. 3). Apparent flow

law parameters, such as stress exponents, are often

obtained by fitting mechanical data collected in the

transition zone to conventional flow laws (single

mechanism, single-valued grain size) and given

mechanistic significance. However, the resulting

values will not be representative of the deformation

mechanisms operating. Instead, the apparent flow law

parameters will reflect intermediate values of the true

parameters associated with the individual active

deformation mechanisms. This problem is particularly

apparent if multiple (more than two) GSS and GSI

deformation mechanisms operate, producing multiple

transition zones that interact to yield apparent flow law

parameters reflecting the interplay of a series of

deformation mechanisms.

(2) Interpretation of microstructures in terms of defor-

mation mechanisms. Part of the justification of

applying flow laws to nature comes from the

comparison of microstructures between nature and

experiment. If grain size is distributed, different grains

may deform by different deformation mechanisms. The

most easily observed mechanism may accordingly not

be most important in controlling flow and is definitely

not exclusively responsible for deformation. By

applying conventional flow laws, determined empiri-

cally from an apparently dominant (single) defor-

mation mechanism and single-valued grain size, the

contribution of other potentially important deformation

mechanisms is disregarded.

(3) Application of flow laws to natural rocks. When

Fig. 2. Universal deformation mechanism map for materials with a single-

valued grain size, deforming by combined diffusion and power law

dislocation creep. The map shows contours of C ¼ AdiffD0diff

AdislD0disl



b
d

�m
exp



Qdisl2Qdiff

RT

�
in logarithmic space of normalized (dimensionless) strain

rate S ¼ _ekT
AdislbDdislm

versus normalized (dimensionless) stress for a power law

stress exponent n of 3, 4 or 5. The slope of the contours reflects n. Points

1 ! 2 show the effect of changing temperature (T ¼ 1073 ! 1473 K) at

constant grain size (d ¼ 500 mm) and points 3–4 show the effect of

changing grain size (d ¼ 100 ! 500 mm) at constant temperature

(T ¼ 1273 K) for olivine deforming by dislocation and Coble creep

(Karato et al., 1986) at a normalized stress of 1 £ 1024.

Fig. 3. Universal deformation mechanism map for materials with a

distributed grain size, deforming by combined Coble and power law

dislocation creep. The map shows contours of

C ¼ AdiffD0diff

AdislD0disl



b
X

�m
exp



Qdisl2Qdiff

RT

�
, with X ¼ exp½ð32 m=2Þf2Þ�dmed for

homogeneous stress and X ¼ exp½ð3þ m=2Þf2Þ�dmed for homogeneous

strain rate, in log normalized strain rate S ¼ _ekT
AdislbDdislm

versus log

normalized stress �s space for material with a log-normal grain size

distribution and a power law stress exponent n of 3 or 5. The slope of the

contours reflects n. The contours for homogeneous stress are represented by

thick lines. Those for homogeneous strain rate are represented by thin lines,

corresponding to standard deviations f of 0.5, 0.8 and 1.0 (from bottom to

top for each set of contours). The irregularity in the homogeneous strain rate

contours for n ¼ 5 is due to the residual error in strain rate, which is highest

for the largest stress exponent and standard deviation. Note that all strain

rates for n ¼ 3–5 and f ¼ 0–1.2 are accurate within a factor of two or

better.
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conventional flow laws are applied to evaluate flow in

natural rocks, differences in grain size distribution are

not taken into account. However, grain size distri-

butions in naturally deformed rocks show a wide range

of standard deviations (f ¼ 0.7–1.0 for lnd, estimated

from grain size distributions reported in Michibayashi

(1993) for quartz in diorites, metasediments and

granites; Newman (1994) for calcite in mylonites;

Molli et al. (2000) for calcite in marble; Dijkstra et al.

(2002) for olivine in dunites).

This study reveals that disregarding differences in

standard deviation between the natural rock under

investigation and the material used for calibration of

the flow law may be significantly over- or under-

estimating stresses and strain rates in nature. This

effect is illustrated in Fig. 6 for the example of wet

olivine with dmed ¼ 100 mm, deforming by Coble

creep (m ¼ 3) plus dislocation creep at s ¼ 5 MPa

and T ¼ 1273 K (cf. Fig. 5). To construct Fig. 6, the

full grain size distribution of wet San Carlos olivine

used in the study by Karato et al. (1986) was analyzed

from the micrograph they presented (Karato et al.,

1986; Fig. 3a). Further, the pre-exponential rate

constant Adiff (cf. Table 3) was adjusted to account

for the standard deviation of this grain size distribution

(following Eqs. (13) and (21) for homogeneous stress

and strain rate, respectively). Then, the ratio _e2= _e1

Fig. 4. Deformation map for wet olivine, deforming by Coble creep and power law dislocation creep described by the parameters listed in Table 3 (Karato et al.,

1986). The map shows contours of C in log normalized strain rate S versus log normalized stress space, assuming a log-normal grain size distribution having a

fixed median and varying standard deviation, as depicted in the inset. Values of C vary from 1.6 £ 1026 for f ¼ 0 to 6.6 £ 10215 for f ¼ 1.2. For each

standard deviation f, the true normalized strain rate S falls between the homogeneous stress (lower thick lines) and the homogeneous strain rate (upper thin

lines) bounds (shaded area). For T ¼ 1273 K, the normalized stress equivalent to 5 MPa is indicated.

Fig. 5. Variation of absolute strain rate _e (s21) with standard deviation of

the log-normal grain size distribution f for wet olivine deforming at

T ¼ 1273 K and s ¼ 5 MPa. The true strain rate falls in between the

homogeneous stress (upper line) and homogeneous strain rate (lower line)

bounds (shaded area). Flow law parameters used for olivine are fromKarato

et al. (1986) (Table 3).
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between the strain rate ( _e2) of the olivine rock samples

used in the laboratory (with standard deviation f2) and

the strain rate ( _e1) of natural olivine rock (with

standard deviation f1) was calculated for the specified

natural deformation conditions and plotted (Fig. 6).

The ratio _e2= _e1 therefore depicts the amount by which

the strain rate of the natural rock is overestimated (for

f1 . f2) or underestimated (for f1 , f2) if the

standard deviation of the grain size distribution is

unaccounted for. Fig. 6 emphasizes that conventional

single grain size flow laws significantly over- or

underestimate strain rates, because f1 and f2 are

assumed equal regardless of actual differences in

standard deviation between the natural and laboratory

olivine rock (i.e. f1 – f2). As an example of over- or

underestimation of strain rate in natural rocks, the

standard deviation of the grain size distribution

exhibited by the olivine rock material used in the

study by Karato et al. (1986) (line A), together with

some realistic values of standard deviations from upper

mantle dunites of the Oman ophiolite analyzed by

Dijkstra et al. (2002) (lines B and C) are included in the

diagram. Fig. 6 shows that for the chosen combination

of deformation conditions, median grain size and

standard deviations, the strain rate in the natural rock

may be overestimated by a factor ,10–50 or ,200–

300 ( _e2= _e1 ratio at intersection of line A with lines B

and C) for homogeneous stress or strain rate,

respectively, due to differences in standard deviation

alone. Evidently, this effect will be even larger for

rocks or conditions where GSS deformation is more

important (e.g. in peridotite mylonites; Jaroslow et al.,

1996) and will be smaller for rocks or conditions where

GSI deformation is more important (e.g. in coarse

porphyroclastic peridotite; Nicolas et al., 1980).

The three points mentioned above illustrate the problems

associated with the application of conventional single

mechanism flow laws based on a single-valued grain size.

Although we do not claim that the flow laws presented in the

present paper solve the problems associated with extra-

polating laboratory data to nature, they offer better

constraints on stress and strain rate in nature, due to the

improvements made concerning multiple deformation

mechanisms and incorporation of grain size distribution.

Accordingly, the flow laws can help to improve geodynamic

models that use flow laws to describe the rheology of rock

materials.

In their present form, the flow laws describe the rheology

of single-phase materials with spatially non-correlated, log-

normally distributed grain size undergoing steady-state

deformation by a combination of diffusion and dislocation

creep. However, as mentioned before, the derivation can be

applied to other or more deformation mechanisms or other

grain size distributions as well, that is as long as the

deformation mechanisms operate independently and the

integrals containing the specific probability density function

describing the grain size distribution can be solved. The

flow laws are also important in modeling of more complex

rocks, for example with multiple phases or with inter-

connected layering or load bearing frameworks of specific

grain size (cf. Handy, 1990), because the different layers or

phases will consist of material with a specific grain size

distribution that need to be accounted for. The flow laws also

offer a starting point for models that describe non-steady

state deformation caused by microstructural evolution

resulting from processes such as dynamic recrystallization.

Incorporation of (the evolution of) grain size distributions

will be a crucial element of such models.

4. Summary and conclusions

1. Constitutive flow equations describing deformation of

materials generally are grain size insensitive (dislo-

cation creep) or include grain size as a single value

(e.g. diffusion creep). However, materials invariably

exhibit a grain size distribution, implying that in the

same aggregate small grains may deform by a different

mechanism than large grains.

Fig. 6. Variation in strain rate (expressed as the ratio _e2= _e1) due to

differences in standard deviation between the olivine rock in nature (with

f1) and the olivine rock material used in the laboratory to calibrate the flow

law (with f2). _e1 represents the strain rate of the natural rock and _e2 the

strain rate of the laboratory material at similar deformation conditions. In

this example, we have taken T ¼ 1273 K and s ¼ 5 MPa for the

deformation conditions and dmed ¼ 100 mm for the median grain size (cf.

Fig. 5). The standard deviation of the olivine rock material used in the study

by Karato et al. (1986) (line A) and two standard deviations of dunites from

the Oman ophiolite analyzed by Dijkstra et al. (2002) (lines B and C) are

indicated. A flow law for a single-valued grain size cannot account for

variations in f and therefore may overestimate the strain rate by a factor

,10–50 ( _e2= _e1 ¼ 10–50) for homogeneous stress or by a factor ,200–

300 ( _e2= _e1 ¼ 200–300) for homogeneous strain rate in this example

(intersection line A with lines B and C).
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2. We have derived theoretical composite diffusion-

dislocation creep laws for materials with a continuous

log-normal grain size distribution under the assump-

tion that either stress or strain rate is uniform in the

material. The flow laws describe lower and upper

bounds for the rate of deformation in materials with a

distributed grain size and allow systematic investi-

gation of the effect of varying the grain size

distribution on rheology. In the flow laws, grain size

distribution is characterized by the median grain

size and standard deviation.

3. Composite flow laws that incorporate parameters

characterizing the grain size distribution provide better

constraints on rheology and the interpretation of active

deformation mechanisms in natural rocks, thereby

helping to improve geodynamic models. This is due to

the following aspects:

(a) Difficulties with the interpretation of apparent

(intermediate) values for flow parameters result-

ing from fitting experimental data to empirical

single mechanism, single-valued grain size flow

laws in cases where multiple mechanisms are

active can be largely avoided.

(b) Interpretation of active deformation mechanisms

using mechanical and microstructural data can be

improved, because all active mechanisms, not

only the apparent dominant one, are accounted

for.

(c) Extrapolation of experimentally calibrated flow

laws to nature can be done more reliably, because

differences between the grain size distribution of

naturally deformed rocks and that of the materials

tested in the laboratory can be accounted for.

4. After expressing the flow laws in dimensionless form,

universal deformation mechanism maps can be con-

structed that apply to any single phase material in

which grain size is spatially non-correlated, and to any

set of realistic deformation conditions at which

diffusion and dislocation creep operate. A single map

can then be used to compare deformation character-

istics of different single phase materials and grain size

distributions.

5. Whereas the flow law for uniform stress is routinely

applicable in a manner similar to conventional flow

laws, routine application of the flow law for uniform

strain rate requires an approximation in which

parameters for a single diffusion creep mechanism

are used. We focused in this paper on the application of

the flow laws to olivine, deforming by a combination of

dislocation and Coble creep. This showed that for a

realistic range of standard deviations (f ¼ 0–1.2), the

strain rate can change by orders of magnitude with

increasing standard deviation. In some cases even a

switch in rheological behavior from dominant Coble

creep to dominant dislocation creep or vice versa

can be induced. Conventional flow laws based on a

single-valued grain size therefore may significantly

over- or underestimate strain rates or stresses in nature

if the grain size distribution of the natural rock differs

from that of the material used in laboratory experi-

ments to calibrate the flow law.
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