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1 . Introduction
-

1.1.NO/-ivati-: interacting Fermisystems

I solidstate/ condensed-matterphysics

↳ quantummechanicaldescriptionofmaterials properties

↳ manyparticles/ degreeso ffreedom(do.f . ): atoms,ions, electrons,phonons,...

↳ this c o u r s e : focus o n fermionicdegreeso f freedom & correlatedstates

⇐ microscopicdescriptioni s we l lknown :

a

!

E i :

☹

"!☹☹

Eni:&:.EE#Ei-.%EEi--
electrons i o n s interaction

I manyparticles put together show n e w emerge collectivebehavior:
"
. . . t heabilityto reduce everythingt osimplefundamentallaws doesno t imply

theabilitytostart fromthoselaws andreconstructt heuniverse."

P.Anderson,Morei sdifferent,Science177,39311972)

I needappropriate conceptual insightandmethodst o describe many-body systems

↳ effective theories/ models

↳ emergent d .e .f ./ symmetry
↳ Anderson-Higgs o r B C S mechanisms,...

t.2.Exampl
e.skExperiments reveal complexphasediagramso finteractingfermionsystems:
↳ Cuprate superconductors (layeredmaterialsw i thCnglayers andspacerlayers){↳
2 B materials (graphene,van-der-Waalsheterostructures,...)\
high-temperature superconductingphases,magnetism,...
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↳ phasediagrams shouldb edescribedby theory/ theoreticalmodels
\> quantummany-body approachesImethods

HUBBARD MODEL

↳
•
7↳ numerical quantum MonteCarlo methods qe¥yq

!

µ

↳ quantumfieldtheory& renormalizationgroup: ¥
DOPING

•
→ frommathematics t o materials

I .
→ superconductivity from repulsive interaction?!

t.3.lu/lineofthelecturecouI
recapo f 2nd quantization& connection betweenmodels& materials

"

☹

!☹!☹!!!☹☹!!☹

÷:c::::::c::-|I renormalization groupfor fermions w i th Fermi surface

↳ competing interactions (qualitative)

↳ functionalrenormalizationgroup formalis
m}

# phasediagram
↳ applicationto Hubbardmodel

* advancedtopics (optional):

↳ Diracfermions and the Gross-Nevenmodel

↳ universalitya n d criticalphenomena

↳ twistedbilayergraphene
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2 .Secondquantization
-

I i d a : construct Hilberts p aceo fmany-particle system,defineoperators&Hamiltonian

I c e n t r a l - t : Fockspace

2.li/denticalparticI>
one-particle Hilbertspace IH, equippedw i t hbasis l a > andwavefunction:

4×1×1=4×1×7 N times

- -N distinguishable particles: IHN= IH,

$

IH,

$

. . .☹IH,
↳ basis: Ids,...,<µ> = 1×1>① 1 ) ① . . .⑦ K N >

↳Wavefunction:L...
* Ka...)= (Kir...

$

a )
Kairo...

$

1 )

= Yak)°..:\.HN)
* N indistinguishable particles: exchangeofparticlesdoesno t create n e w state:
↳ 4km...Hi,...,Xj,...,)) = GFK,,...,Xj,..., Xi,...,* ) withGEGIGH,☹ 1
↳ two exchangesbring back originalstate

↳ G= + 1 : bosons - totally symmetric wave functions

↳ G= - 1 : fermions-totallyantisymmetricw a v e functions

I >mathematicalremark : wavefunction transformsbys o m e transformationofthe
permutationgroupsµ . Therea r e onlytwoone-dimensionalirreducible

representations ofSN:

1 1 the identity 1 (bosons) and 2 ) parity f -1 )
P (fermions)

* Hilbert spaceofwavefunction: IH!- {WIEIHN:P14794>E S . }
↳ hereSµ i s thes e t o f a l l permutations Pot N particles
↳ GP= {+1 i t er= + 1 e e v e n # (transpositions)

- I i f G = - 1 E odd # (transpositions)
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"

Slater determinant forfermions: µ;
$

° ' ° 4am)

4 4 ) . . .

qq.IEH I
'> Pauliprinciple:4=0i t× ;= xpo r a ,= a j⇒ 2 fermionscannotoccupythes amestate

* Notation: 1 4 3= IX.. . . × µ > withproperantisymmetrization implicit

"Problems:

↳ complicated, <414,> has IN!)"terms
↳ made for fixedN,wouldl i kegrandcanonicalo r coherentstates (seebelow)

2.2.0ccupationnumbersandtocks
.pl>describemany-particlesystemi n HilbertspaceIHI, l ie . fermions!)
l >given a single-particle basis K >

↳ specifys ta te bys e to f occupation numbers { n a }
↳ forfermions : n a C - { 0 , 1 }

↳ fullwavefunction: 10>= IX.. . . a n >→ Inna...>
↳ withparticle number: N = Ein;
I Example: IH,= {147,1%7, 14333ns 1103= 14433 → 1 1 0 1 >

I Signconvention: I X .. . .× , > → Manz...> for+ < •<< . . .

❤

N

↳ increasing quantum numbers

I Fock space: F = FootF,⑦ F . ⑦ . . . w i th F . = H i

↳ F . = {10>}one-dimensional vectorspace spannedbyva c u umvector10770
↳ basisi nFockspace In ,na...> E F

• generalwavefunction 147= I I .Cnn....Mina..

"

• includes superpositionofstateswith differentparticlenumber!
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2.3.ua/
ionandannihilationoperatEaddparticlei n state a : creationoperator a)

ÄH.. .% > := { " " " " N > i t a * a . i t ;
0 i f I i : × = a i

↳ Fock representation: c -1 )?

"

In,...1 . . . > i f N E O
ätaln....no...>⇐ { o i f n a= 1

↳ signconvention: flipsignforevery(occupied)particlewithquantumnumberi c k

"

r emove particle i n s t a te × : annihilation operator da= (äI I t
1 -1 )?

"

In,...0 . . . > i f n a= 1äain....no...>:{o
i f n a= 0

k summary: da10> = 0 (definesvacuum)

Minz..

"

=
IIIIIIIIO>=#ägyna,o > } fermions&

bosons!

^ ^ ^ ^a a a a- - - -

O

! ! !

. . .

- 7 9 - 2 - 2
ä i t a ta a

2.4.Algebraofcreationandannik.la/ionoperat-

* enforcement ofantisymmetrization☹ {äta,äh}= 0 , {äaäß}= 0 , {da,% }= Saß
↳ wi th anticommutator { A B } = [ A B ]+ = A B + B A

↳ implies % = 0 = ( ä ) " (Pauliprinciple)

↳ derivation:(1)ätätsk,...× ,>= Kßq...x D=-Ipsx x , . . . )=-ätpätald....gr>

o n everystate ⇒ ätät =-ftp.ataasa n operatorequation
② analogous: ätsch=-jäte i t a # ß
(3)äääat...n a .

"

=hat...n a ,

"

a n d ajatal..und.

"

=It-nd)l...n a . .

"

,n a= 0,1

I >occupationnumberoperator Ra= ätna, n e totalparticlenumber N= Gina
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25Basistransformationofcreationandannikilat
ionoperatorst>dta.ae a r e definedwithrespectto single-particlebasis 1 1 >= ätzto>

I n e wsingle-particlebasis µ : Iµ >= I n☹<Npi⇒ älter>
= IN>= fkilpiat.io>

↳ ä t s ch> ä , i n = G i u l i a
I >rea lspace andmomentumspace :

↳momentum space basisvectors 1K>a r e eigenstateso f Ä
↳ finitesystem with volume H Eandperiodicboundaryconditions:EEG,nandiniE R
↳ <talk'> = Ska , {äh,ätz}= den
↳ analogn o u s : rea l space IE>, < I I I ' >=D" (E-ä),⇐ 1k>=Üeit☹
↳ "fieldoperator" I I I ) = V "§,ähäh☹, Äh) ,ÄH' ) }=

$

E - * )

26.Represeutatic.no/operatorsonFocksp-

2.6.1.Single-parti-operatorsz-z.ir
operator Ä = ÄÄ actso n everyparticle,e .g ., Ä =- I I I (kineticenergyofparticlei )
↳ ftp....Er>= I I EINhör.

" ☺

I findrepresentation i n Fock space!
↳considersingle-particle basiswhereÄ i s diagonal:Ä☹ =An!

☺

andA☹☹ÄH
+⇒ ÄH....)> = §,A.in

"

An...)>= E iAnja

"

in..☹µ> foranystate
⇒ A-=☹Aidan
↳ transformto anotherbasisE x } :Ä = fjalikihkkdlkataaj-GKIN-pat.ae
⇒ Ä = ÄhÄ,= I sA

❤

Ääß, A-a ß= <NÄI ß >
* examples: (1)momentum F )dritter)f -ihr)4 6 )

② kinetic
energy

!

Enger#E )

ja, ③ Potentialenergy:Überlingen
(4)localdensity:iur)= Ärztin)
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26.2.Two-particleoperato-
tinteractionv-k.FI %. = [g.Üij actso n a l ldistinctpairs ofparticles
↳ forindistinguishableparticlesKj= Uji,e .g., Coulombinteraction Vii= i f

I consider basiswhere Üi s diagonal: Ük µ>= Kannµ>, hµ = 4µWHM>
↳ i m . . . ) = ! 'n µ f ü l l e n . . . i nunnumbereddistinctpairs:Knin-n)fo rn particles
= !☹huläääääµ-quäIäµ)h . . . .die>=3Invitationali n . . ) foranystate

⇒ Ü=LE i nµ äääää
↳ example: Ü diagonali n real-spacerepresentation

Ü= ESd i r ' VG - ä )Itar)Ära)Köhler )
↳ changeofbasis t o { I N } : KIELGO.rsÄra!naja, Voraß= GdlÜlaß>
↳ i .a . i nmomentumbasiswithFouriertransform 4-ofVeil:Ü= IfivqÄÄäääää,-§

2.6.3.Many-partidetlamiltoni-H-E.ci/IImtUlri) t ! Ff,VG-%)
'> w e mayinclude spin index o E {T.lv} [electronicfieldoperator

E reals p ace :j e= § /dritter)[ I I I+ Uli)]Über)+2 ! !driver-F)ifeng.ir,über)
I >momentumspace:JE-G.EEitzoanotffjuk-iatkoaz.IE!!Ökoäääääaää#§.
↳ with Ein= I I being the dispersionrelation (canb e different)
↳ scatteringoffa staticpotentialdoesnotconserve momentum
↳ general: Öl= §!tijaiajtfevijnedi.atäiae
± note: a l loperatorscorrespondingtomeasurablequantitiesandtransformationsc a nb e

expresseda s a functiono fcreationandannihilationoperators ä ! !
↳thegrand-canonicalpartitionfat:theni s : 2 -= t reten) = {an ,e -KÖNNTIn>
withIn>beinga completesetofmany-particle states,e .g .Fockbasisfromabove.
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2.7.IE/e-insohds-
2..7.1.Tight-bindingmod-

(for crystallinesolidwith ionic lattice)

I considertightlyboundelectronse sstartw i t hatomicproblemat-esiteR.Hatom.RO/nlr-TI)=En0nlr-TI)

↳ whereHatom,E =-EEG+ ULF-Ä) andU c i ) i s thebindingpotential.
I a s s ume thatw e know the Solutions 01N (atomicorbitals,eigentets.o fHatem,i .e . isolatedatom)

I fullone-electron Hamiltonian i n i o n latticeof thesolid

HH)= - I I+ § 'Uli-Ä) = Hatom,pi l i) + A U F )

↳ where • U l i )= £
E H E
U l i -Ä' )

k fora tom ic solution Ion centereda t Ä
↳ extra te rmA Uwi l lb esma-rbatn i fo r. i s tightlybound

↳ perturbation will modify slightly ¢" E . Ton

* therea r e degenerate w a v efunctionsTon centereda tal lother lattice sites E '

↳Solutionso fproblem: superpositiono fatomicorbitalsinformo fBlockstates:

Kieler)= 3 Eje"Pioneer-E) ⑦

↳ herew e haveignored the" v " o n to a s a firstapproximation

"note : i f therea r e several(nearly)degeneratechatsinglesite⇒ additionals u m o v e rorbitals!

* theseBlochstates a r e builtfromlin-binalifatomicorbitals (KAO)
↳ i ngeneral:not eigenstateso flatticeHamiltonian,bu tgoodapproximationsi fohwell-bound
D Block states⑦ a r eno torthonormal:

Chr 14 in ) = drei(Smi+ Ifoe -
i h r

a n a lRT)
↳with-ptegrasxnn.li/=/d3roEcr-R)onilr).
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A tight-bindingapproximation (ofthetrue bandstructure):

↳expectationvalueof full latticeHamiltonian i n Block states

E r i k )=
LYY-yf.tt/YnkI-=En+Bn+foe-ikPNE)-

1 t.fi#e-ikRxnnlR)
LDwi th ß = /dicker)AUE)lair) and ME )= /differ-E)AUCHlair)" - v - _ -

atomicenergyshiftfrompotential interatomiematr ixelement
o fneighboringatoms o r "two-centerintegral"

↳ Blochenergies E n a ) : tight-bindingapproximation ofenergiesoffulllatticeHamiltonian.

⇒ firstqualitativeunderstandingofbandstructuresoftightlyboundelectrons i n solids

I drawback: non-orthonormalityofatomic orbitals i n thelatticeshardtoconstructFockspace
I m o r e complicated commentators for creation/ annihilationoperators.

H m o r e physicalpicture: Wannierstates!

-

A -Calculationo foverlap integral: recall § , ~ ¥'e -i k k )
Ä
and ftp.piyvfeiklR-R)

↳ <4am14,w i r ) = ¥ ! §.fie -i h reik☹'toner-E)Iain-Ä')
= ftp.e-ilkkke-ikk-RT/roEcr-R)q.cr-R')

introduceÄLTER'¥qq.e-ilk-tike-ikRG.to#cr-R")¢ ,hi ) wither→ F t p
e -

= Sai fe -it☹↳dieser")d i e : )
= darfE )e -ihr!#er-E)d ie)t.mil

m - ( E )
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2.7.2.wannierstate
.skWannier statescontractedfrom(yett obedetermined)properlyorthonormalizedBlockeigenstates
i tdefinition: w i r-E ) = % § e -

i h r
4£

⇒ Wannierstatesorthonormalo n differentsitesi fBlochfcts.4.HR)orthonormali n K,n :

|dirWEIF-E)wir-Ä') = dnnidizpins.no-local overlapintegrals vanish!

⇐ambiguity:localizationpropertiesandspatialspreadofWannierfats.c a nb emanipulatedbyusing

phased .a .f .o fBlocktot.,i .e .bymultiplyingthelatterwitharbitraryphasee î ) .
= D Fourierback-transformt oreal spaceyieldsdifferent Wm(F-E)

↳ example: multiplyingBlochfet.with eilt

$

= eiko⇒ shiftsWannierstatebyä .
01k)↳minimizespatialspreadofwn.pebyoptimizinge i ⇒maximallylocalizedwa-erfcts.hr

express Blochstates v i a Wannierstates: Ye t i ) = KpGieikRW.li-TI)

⇒ alte)= MILLIYET = En+ LfoeiterI n(E ) Awo-center approx.)

↳ where En=/.WE(ä)f -I I I+ § Uli-RT]w i r )
↳ and Ödp)=/.WEG-E)[ " ] wink)(⇒ hoppingam-des(seebelow)

* howdo theproperlyorthonormalized Block/ Wannier stateslooklike?

↳approximation startingfromatomic statesv sconstructapprox.Wannierfets. from

K A O (linearcombinationofatomicorbitals)scheme withfinitenumberof dem
+atomicquantum

numbers

ofdifferent m i n subspace 5 n s ansatz: W"I r - R )= Gesamtenhr-R)

↳ choosea m such that non-localoverlapa n(R)= f .WE(r-R)Wdr) i s minimized
↳ a sdmdecayrapidly⇒ onlya fewnearest-neighboroverlapsneedtob econsidered!

↳ precisecalculation: u s e e .g .densityfuuctionaltheory-CD.TT) → abinitio approach.
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2.7.3.Hubbardttamittoni
.at>electronicfieldoperators % I F ) i n many-body Hamiltonian:

H = § für4th)[ I I I+ U l i )- µ ] !

$

+Inf )didr.HN?diI4olrY4alrIr-rtI---Ho
H I

↳decompose fieldoperatori n Blockstates4 £( F ) : % G )= Ef4.ru/cnro
↳ creationandannihilationoperators dürr for Bloch states
↳ decomposefieldoperatori nWannierfcts.wn.ph-E) centereda tlatticesites RT:4.I i )=!wnpilr-RK.io

I f-par to f t : Bloch decompositionusingBlocheigenstateso ffreeHamiltonian
Ho= ¥ ,Enck)CutterCenter

↳ using4 , (F ) = % §
eik-RWnlr.PT) = D ( „ e s = I n§ eile

$
(„p is

↳ i n termsofWannierstates,thefreepartHobecomesa hoppingkineticenergyErin

Ho=-ftp.t'"(TI,Ä )cntpi.cnE y withhopping EHER')= {enmeikTR.PT)
↳ w e findbyinspection: EYE,Ä ) =-ICE-RT)
= D t ' "10,E )=-Id!wi r-E )f -Ein't § Uli-Ä')]w„(ä)
↳ due t omaximallocalization Eko,E )decays with increasingÄ
↳ simpleapproximation: just takenearest-neighbor term,denoted t

D i n t e r : HI=L§ !gf.fi#Vm...nylRn-
iR4)cIRnrCnzRzrCntsRsr'CnuR"o'

↳ With Un..- n "(R,,...,Ry)=
ezfdsrfdsriwnlr-RIWndr-Rzlwnslrl-Rslwnulrl-R.ir-H

I

↳ onsite term (R, = Rz= R s= Ry) i s largest:U := e )d )dir'twf.IE?-(Hubbardd )
↳ must have o t s ' i n H, becauseof Pauliprinciple

I neglectremainingnon-localterms (.. .dependingo n material)

l >Hubbardmodel-combine nearest-neighbor hopping andonsitei .a .

Hubbard=-t.GR,>[Circusthe.]+ Uffctpicricfi.cz,
m - m - Hu



2.7.4.kineticpartofthetlubbardmo
del.irhopping term: Ht=-taff,>ftp.crir-cfiocpo)
* consider two-dimensional squarelatticewith latticespacinga - 1

↳ N× +Nys i tes and periodicboundaryconditions

F -diagonalizationofhoppingtermbyFouriertransform ciao= %
Geile

!

Ceo

↳with K i n the first Brillouin z o n e C-MIT]× C -MIT]

!

B
=
"¥-22

↳wa v evectorcomponents Kay=☹

!

☹

with n × ,y = 1 , . . . .Naym u s eGeileENGE,o
⇒ Hz= GoECK)),Ceowithdispersion ECE)= - 2 Tkos te tCosky)

I include second-nearestneighborhoppingt ' a n dchemicalpotentialµ :
{ ( k ) = - 2 T(Costa+ cosky)-4T'c o sk× Cosky-µ

↳ E -0 :☹

!☹!!!

.:*:
☹

! !☹!

*.
I K

↳ ECK)parabolic forsmall Ital,deformedforlarger1kt
↳ ¥ 0 : perfectsquareD for energycontour ECK)= 0 (importantformagnetism)

↳ c o r n e r so f square (MO) and (0,1T)
↳pe-estngoffermisurfaeo.D-D-H.IT) forµ-0,E k o

spin

Aspin-eddensi tyofstate) : GIE) =
ÄGIDE-ECK))

↳determine numbero fstates ⇐D E i n B locatedi n E ↳ ECK)E E tD E

⇒ eineintegral {⇒dk" o v e r constantE contouraroundwhichtherei s shell
dk,= foto = FETE= ¥,⇒ SIE)= ftp.!!!"#withgroupvelocityv u
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Evan-H-ingularities :

↳ upc a n goto Z e r o fors o m e pointsi n B ↳ VHS

↳ saddlepointwhere2ndderivatives (Hessematrix) a r e indefinite

❤

for ECE)=-2tlcoskx-ce.sk,)n e a rE = 10,1T) and (IT,0 ) : ECE)~ KI-KI
↳ i n 2D : saddlepoints⇒ log-divergencei nDOS:SIE)v-logE (VHS)

• derivation: for ECE)= - 2 T(casketc o sKy)

❤

considercirclearoundH,

$

withradiusR
contour-
coast.>

o

☹☹

!!!"

• 450-rotatedcoordinatesx.yw.r.li. saddle point

!☹!!!!☺!

Kx

⇒ forsmall R : dispersionE~xy.ve/ocityvvx4yF.-ixo=E
÷

⇒¥ : *. " l ines o fconstantenergy E = E : y = E x (hyperbolae )

⇒ dk"= dxV1-tdyh-dxV1-Erxz.TT

⇒ forsmall positive ⇐ E two hyperbolae . contributeidentically between

- 1
* x .= TE 'und× = R : g ( E ) u Ältern

"!

<=

ÄH#=logEEElogIE
= D for E → 0 the Dosdivergeslogarithmi.ca/lysIEI~-log-

↳ VHSnear-Term;surface= D largenumbero fstatesavailable whichc a nb ecoupledbyi a .

I generalization for two-dimensional system, 4 .. artiv:1905.05188

↳ energydispersion: E l k )= A-+ KF-A-k) with Kay= lkx.gl
↳ consider time-reversalsymmetrie c a s e = D nun , e v e n

↳ i t a t leasto n e nun,>2 ⇒ detlq.dy.dk) = 0 n shigh-order VHS

↳ energydispersion fulfills scalingrelation : ECE)= BECK')withÄ l t e r ,4bar,)
= D with S IE )= 248(E-Ecu): g ( E ) = {DtE -

× for E > 0

- ×
D - E fo r E < 0

with a = 1-¥-I,.
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2.7.5.Materialsdescribedbythettubb
ardme.dkeffective one-bandmodelforcupratematerials(high-Te superconductors)

↳cuprate:. layeredmaterialcomposedo f C n and0 atoms modellingby
• 3 D material butsmallhoppingbetweenG O

planes
} 2 B system!

fdeancompoundnsinsuagAFMc.tnemicaldoping^high-Isupercondu

!

_

↳ Hubbardmodel: . idealizationwith s a m e basic phenomenology

• not realistic for quantitative description
I modelfor graphene:Coulomb-Hubbardmodelo n honeycomblattice,SIE)- E l
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3.Mauy-fermi-etsttegralf-sm-a.-
is.tofermioniccoherentstatest>

s ofar:usedoccupationnumberstolabelstatesi nFockspace

knowu s e eigenstateso fannihilationoperators: ä , lol>= dato>
↳cohe ren t: . helpst o transformoperators into "numbers"i n pathintegral

• superposition of infinitelymanydifferent occupationnumbereigenstates

3.1.1.Grassmannalgebra-r.comsichera n eigenstatedato>= dato>
I an t icommutation{da,äß}= 0 impliesan t icommutationo feigenvalues ¢× :

(äaäääßädt

$

=

$

×

$

+ ¢es¢ )

$

=0 = D 4 = 0 and {da,

$

3= 0

↳ thisdoesn'twork forordinary[numbers⇒ needG-mannmmberslH.GRassmann194century

D Definition: GrassmannalgebraHofdimensionN i s aseto felementsyi.ie{1,...,N}withproperties:

(1)theelementsc a nbeaddedt ootherelementsandt ocomplexnumbersc c -¢ a n dc a nb e

multipliedwithcomplexnumbers.Theoutcome i sagaina n elementofthealgebra:

C o+ Ci l l i+ C j4 ; c -A

(2) theproductA × A → A : Eli,2;)→ ging i s associativeandanticommutative:

Ring'= Rigi = D h i= O t i .

I t hewholeGrassmannalgebra i s spannedbylinearcombinationsandwithN Grassmannnumbers

o n e c a n form2Ndistinctproducts: {1,44,...,4,442,..., Ritz..-IN}
↳basisforthevectorspaceo v e rcomplexnumbers(Grassmannalgebra)

3.1.2.FunctionsofGrassman
nnumbekdel.ine functionsofGrassmannnumbers v i a powerseries,forexample:
↳ exponentialfunction: ftp.I-explq) = EIG!
↳ forpairg.µ ,dueton i lpotency: expMitf ) = 1+4+22+44<+44--1+4+4.
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3.1.3.Derivativesd-
Grassmannfuncti.ISdefinederivativew. i t .Grassmann numbera s%,Jj

!

gi f= dij
↳ Ogiexploit,+ c .Ya)= c .die+ Cadiz fore i E E

I derivatives inherita n t icommutation property: qq.LY.=-%%gib=-0µg,= - 1
and 04944= dy.ge= + 1

⇒ 0µg+% ,- 0 o r { %Du3=0 Hi,j , similarly {0g,i f ;3=0forit-j3.1.4.6rassmannintegrtdel.in
e integraloperatort ob ez e r o o na totalderivative:

fdgiof.fi/=/dli1=0andSdqiyj--dij
↳ Grassmannintegrationandderivativeshavethes a m eeffect.

↳ example: 1dg,explay.) = 1dg,1 1T4yd= 4 n s /du=D,
3.1.5-
Termioniccoherentsta.irdefinerules: {fi,äfft3 = 0 and {drei,aff3=0 (anticommutation)

* definingpropertyofa coherentstateIq>: diI p = Lily>(eigenstateofannihilationoperator)

# consider firsto n esingle-particleleveli andt hestate Mir= expftp.atihot-K-yiaf)10>
↳ this i s a n eigenstateof ä : ciilyi-ailt-yiatihd-yia.at 10>= Milo> ± ,

!

☹↳ thisi sthes am e a sy itimes theoriginalstate: filo>= gilt-01107=14-fiat)IOI= filhit
= D digit= MIMI E l

F generalizationformanysingle-particlelevelsi s the"right"eigenstateoftheannihilationoperator:

I N = expl-Eliot)to> = In-giallo>
I note:o n emayhavetotakec a r eofm i n u s signswhenGrassmannnumbersa r e commuted

withoccupiedfermionstates: giallo>= R jM i t
11;>yj-a.to> 4J= dir;to>=-yjai.TO>=-y,H i .
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3.1.6.Adjointofcoherent
st.at>declarewhat"conjugation"o fGassmannvariablesi nexponentme a n sa snotreallydefined!
↳enlargeGassmannalgebraby c o n j u g a t e s I i (Eis independentset)
↳ I i definedt oa n t icommute amongthemselvesandwith unbarredquantities

I < µ = <dexpl-fia.fi) = h o l ex p(Fifa:)
↳ bravector< µ i s "left"eigenstateofcreationoperators<gut,= <215
↳ note: while { ä ,dit3 = 1 , w e have Elfi,E i }= 0 .
* s a t t : < 1 1 4 1 0 IIH-atikt-yiai.tl/0I--IlttTiNi)=expl?Iili)
↳ r.h.su Commuteswitha l lGrassmannnumbers andoperators.

I resolutionofunity(closurerelation): SIDED

"

e-FÜRI H N = Her
↳checkforo n esingle-particlestate:fdjdyehqxyl-fdydgft.iq/4ot-yHDKd-aII]

=-fdidyjylokd-fdidyyflmt-lokdtkkdr.it>
notation: SDI I .1 ) . . . = SIDEIdyi:..

3.1.7.Traceofanoper
ator.tt>Ä shallb e e ve ni nthenumberofcreation/ annihilationoperators
" T rÄ = § <mlAlm>=/@q.gle -Fähigkeit""><" E

⇒ T rÄ = /DIE,g)e -F Ü R<-NAIV
3.1.8.Gaussian-
egrals.tn{µ....ihn} andindependent {In,....In}
↳ fdizdye-IM-a.ae¢
↳ fdudq-dyidynexpfqttijyjtiigi-gig.is = (detH)exp{ I iHiFi}
forgeneralcomplexHij,invertibleHinthepresenceo fGassmann"sources"Gi,};
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3.1.9.summaryoncoherentstateslbosoniea
ndfermiom.cl>(anti)commutationrelations: [da,a t ]- g = Saß and [%,4ps]-g .= 0

with f - ± 1 for bosons!fermionsiieieieüü
(last "="introducesshorthandnotation)

I expectation value: <411^-14%114'>=-114,4;)<414'>f-normalordered
4 -4Eclosure relation: 1.eu/Dl4T4)e-I4K4I

I n o t e : forbosonst he " - " o n 4- i s justcomplexconjugation,i .e .

4=
4*-
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3.2.co/nerentstatefunctionalinteg-
Epar-onfunetion:

Z = E re -A l t -M
Ä)

= [ < „ ,e -Alt-µ
N)
In>

↳ Hamiltonian (generalform): Ära,.at/=?itijaIajt%4evijneaIatjaiiae
c -

↳ totalparticlenumber operator: IV= § did, "normalordered"

↳ replace operatorsbyu s eofcoherentstateresolutionso f unity:
1 )Date)e-?

# "14741=/Define☹4441 with4=43--14,4,...)beingGrassmannvariables

K i n s e y i n 2 - behind <nl :
-2=1814,4) e -EE "[<my><4)e -Alt-NN)µ >

=/.DE#)e-FEt4iqfy1eMti-NYnyjyyy

-
_ .↳ notethatt h eminus"- " i n F Y I c om e sfrom:

E s E .
L i t t ><41j > = hold,14441öfter>= 4,40143410>Fj= 4,5=-44,=L-41J>L i l yf
.
÷:::::::S::::c::*:":::::::☹☹iii.

a n . .

!

< n1 4 >= h o ldir...ä , 1 4 > = 4 in !-4in
⇒ <N IX><4h '> = 4in..-4,4,4)Tja...Tja= 4,4424J._Mint

-

= l-4jiti.tl-YT;)... (-4J,4 . )= t e i l t4 )...tk/l4iN...Y;)=E4In'KnI4Y.#nowde-einkra0M
i nM equidistantstepsw i t h A z = HM andfactorize:

↳ e-BIN-Mit = II.e -a l t -" " * then introduce"11"between a l lthese factors

⇒ z =/@

$

4)e -5 L[ÄH"'N ' "- 4 "
- " I h r + HIT",4 " " )- µNIE"!4in-i)]

4 ' "=-4mm)
↳ n o w takethel im i t I I → 0 andconsiderz a s continuous variable E l o ,ß ]

4M)-4in-1)↳ define z-derivative: F - = 0 ,44 )

⇒ z =/@µ4 )e -
GUT[ T H E

$

+ HEIMi n ] - µ47DM)=/@µ,4)e -
514,4)

Grassmannfields
+ te

t exponentcontains
grand-niaac.SC?4)=/od-E4md-4c-I-HI4T-
ui4ra] - µF m 4 )

E antipen-boundarycoudions duetof -41:44=0)= - 4 K= ß ) (forfermions)
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3.3.Matsubarafrequency
representation.HUs e dis-Fourierexpansion forGrassmannfields:4k)= T [ e -

" " 4 econ)
↳ inverserelation: 41W")= Ideee in "4K)
↳ W " a r e theMat-fequec.es: Wir= (2N+ 1 )RT,n . E E (forbosons:Wn= 2mF)
= D boundaryconditions relating fieldsa t ⇐ 0 and ⇐ ß a r e fulfilled!

I resolve Single-particle quantumnumber i . again i n Matsubarafrequeney-presentation:

SIE,4 )= T.FIYTilwnk-iwn-tij-ludijktjlwnt-TYGI.fijketelwniFiond4jlwn.4.tw)

where w e haveused Idee""- w i r = ßGnu
↳ f-ncyunservah.ami s enforced i n t h einteractionpart: w n . t w "= Uns+ Wn,

× deletes u m o v e r ny byfixingWar,= Wm+ ①n i Uns
- 7
I anotherchoice forFouriertransformt oMatsubarafrequencies:4K )= I F[ e -"" "Yvon)\☹☹☹☹

!☹☹"

-*::*"
- \

514,47%4Flunk-iwnttij-Mdijttjlwv.TT?
IygYijke4elWnaNTuwns)

4jlwn.MILWm)
- )

i s n :

↳ i n total w e havetransformedthepartitionfunctiono fthemany-fermionsystem

into a functionalintegralo v e r Grassmann fieldslivingo n a n "imaginary"t imeaxisz.kz#emperatureimilT-rO,ß → oo):

↳ z integration becomes infinitei n range!

I i f i I I i n D-dimensions = D KEF) lives i n④+1)dimensions

↳ quantum systema t F -0 resemblesclassicalsystemi no n e dimensionhigher

k quantumstatisticalmechanics i nD -dimspacea t temperatureT :2 -= -4e -
B l "- Ä '

~ euclideanquantumfield theoryi n ④+ 1)-dimensional spacetime, 0 4 T< ß
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3.4.corre.la/
ionfunctionsandgeneratingfuuctionIassumption: time-independentHamiltonian with spinquantumnumbers eEt,t } :

H= HotH

"

§

E l k )47k,-4941kt,s )+ HI n a interactionusuallyquartici n44ns☹

"!

j

Equad-partofferminadino n introducemultiindex K = ( t .ws)
QI K )

e -↳i nMatsabaraxp.:S,= zfjn.gl-iw.+ ECK))4-(K,w a s141k,was)= § 'Q I N47K)41kt=P,Q4)

3.4.1.single-
particleGreeuisfuuct.ttthesingle-particleGreens fct.is: 61k)=-l inken)>

=-SDHTYYIIIIIÄÄe

↳ graphicalrepresentation: - < 4( K )FCK)>= (fateine)

* i nt h enon-i-hngasewithou.lySo,w egetGo(K)a n d w e havetwoGaussianintegrals:

(1)denominator: 1DM,4 )e -So = 10144)e -/

$

Q )

= de tQ = Z o

(2)numerator: 1DM,4 )41k)47k)e -So= ggj-IDH.ae/4Q4)tMI4)tlFNIy=z=o.§ = spüle"äh 'detQIEEo-Q-tklde.to
⇒ Go(K)= - Ö lK )= ; w ! _ = - (thinline)

"

therefore,w e c a n write i n t he interactingc a s e : e -51447= ENTE4 )-HINT,4 )

3.4.2.tligher-
ordercorrelationfuuctions.irdefinition:G " "(Kr,...,Kmk!,...,K i )=-441kt..-41km)TIKI)...FCK)

=-E )DIE4 )41K)...41kDM41...4-(Ki)e -S

$

F )with2 -= /DM4)e -544T

3.4.3.6eneratingf
uuc.to/>correlationfunctionsc a nb e obtained fromgeneratingfuucticngcq.ge)

= - E )DIE,4)e -"44Te ' " " + '4 2 ' bytaking functionalderivatives
ran

I G""(k....-kn,Ki,....k i k - N - k . k z GUE)/F E O
I generatingfunctionali n t h enon-interactingc a s e : Golgi)= - e -④

Gott'

S 'Goalie)
i .single-particle Green'sfat.:Go"IK)= Golk)= C-Ä # ↳ gfo-QTKWK.ci
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"

perturbation theoryi n H,= DGHZ)generates connectedANDdisconnecteddiagrams
I taking logarithmr em o v e sdisconnectedpartss ogeuer-fuueliodforoekdorea.tt.:

94451=-lnlzgq.ES]= - e n{SD

$

4 )
e -setzte④4 )+ EIN}

* expanding GINI)i n source fieldsleadstoa formalpowerseries withtheconnected
Green'sfunctionsa s coefficients:

9445)= - e nZ t I I .GEH+,# ja . l i "K i k iKiki)jlkijlk.ly/kiIylkit-...3.5.Wicktheore-

± ComputeGaussianaveragesl i e . withnon-interacting action)o v e r 2 n fields a s s u m o v e ra l l

possiblecontractions o fn pairs o ffields,i . e u freeGreen'sfets.
D u s egeneral freeaction So= fj.TK)Q(KK')41K'),then:

$

Iks)...41454(Kit...4-(Ki)= ZISDKI414lkd.itlkdylkil.it/ki)e-Sd44)

= E t hQ-YK.ie;)..... QYKn.K.in)
↳ thes u m o v e r P denotesthes u m overall2 " permutations Pjoft h e n

indices j a t oj = n . C-1 )D=1 fora n e v e n permutationand C-1 )E -1 fora no d d p . -
proof: u s egeneratingfunctional,of. bookby Negele&Orland

± K 2 :

$

(K)44147

$

47k)

= Q-YK.kiIQTK.kz)- Q -'(Kr,K i )Q -' (Kz,Ki)

= Go(k..Ki)Golkaki)-G .(K,.kz')Galka,Ki).
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3.6.Perturbati-pa.in
± many-body systemsa r ecomplicatedduet ot h einteractionsbetweenparticles,formally

becauseinteractions correspondt onon-quadraticcontributionstotheaction &

$

F )

↳ functionalintegralsa r e n o longer Gaussian!
/DIE,4 )f ly,4 )e -So

$

4)-SICHF )
I consider theexpectationvalue ( f( 4 ) = T Ä T
↳ here,f .14,4) i s s o m e function i n thefields 4,4.

↳ alltermsi n theactiona r eofevendegreei nthe Grassmannfields
Eifel.9DM41freit)l-SEHNTBee -So " " Eifel.{fly,4 )f -SHED!⇒ (f l4.FR/=-jDyysyTIe-d4n=-efS4TB ⑦

↳ thefieldsappearingi n FM4)a n externattie , i n contrasttot h eo n e s i n £14,47
↳ i n t h elaststep,w e haveintroduced freeo r Gaussian expectationvalues.

D Eq☹suggeststhat i nprincipleanyinteractingexpectationvaluec a nb eobtainedb yevaluating

a n infiniteserieso ffreeGaussian expectationvaluesa s forthoseWick'stheoremc a nb eused!

I Note: × convergenceof theSeriesi s n o tguaranteedandoftenfails

× infinitesummationi s no tdoable,i .e . onlyloworderso r subsetsofs u mcalculable

✓ sometimesi t works leadingto manyimportantphysicalconclusions...

3.6.1.BR/urbationtheoryfort-single-partideGreen'sfuucti

I s e eQ F T1 (A .Rosch,Sec.5 .4)

↳onlyconnecteddiagramsmatter

↳ Calculationofself.energy, Hartree-Fockapproximation

↳ well-defined quasiparticlesn e a r Fermi leveli n interacting electrongas
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3.6.2.BR/urbationtheoryforthetwo-partideGeen'sfuucti

I Wewantt ostudy"efle-iteas.ie. t h einteractions thatac tbetweenquasiparticles

no tonlyduetothebareinter-n,bu talsoduet omultiplescattering events

↳ thisinformationi s contained i n t h e(connectedparto fthe)two-partidec.me/ationfuncti-:G'4'lKnkz;ki.KiI=-
hYlKd4(4) 4-(Ki)47K!)>

I forsimplicity,w e choose Hu-typeintradion(andN latticesites):

S ,= ¥ !§¥ftp.lktqiIYILK-q, e )4,4,c )4,4,) (constantonsiteinteraction!)

- i t↳ i nMatsubaraspace: S± = ¥ %fFdktq.IM,1k-g)4,1k')4,1k) with k= (iv.F )
I theperturbations thenreads using K = (Rs),...

G""(pls,pls';ptl.s.pl-l, s')=-

$

I p )-Ip')4J,Ip'-e)Es( p l ) )
=-Ink!

$

I p )

$

(pl)451pl-e)Fdp+e )(-SI)">
o -

IZerothorde-GMlp.s.pl,s';pths.pl-l,s')

=-

$

Ip )%Ip')Fdp'-e)Älpte☹-Go""☹" ☹qetdss.GYYPIGFFphdp.pe

Ffirstord-chooses = T and s '= L

↳consideronlycontributions whereeachoftheexternalfieldsa r econnectedt o theo n e si n S I
↳thesecontributionsa r e solelyduet otheinteractionsandwillb ecalledconnected(subscript"c"):

" = "
P t - p i e pGE"(p,t.pt;pte.t.pe,d)=-UNIGo"cp)Gülp')G!"Ip'- l )G!"(p l ) ,

!

*e ,
correctionso n

Isecondord-more involved... afterusingw a v evectorand frequencyconservation☹
" " " 8

0 1W )= GEIß

$

pl)G )pl-e)
GYCpteIEUITEG.TK/GI-
k+p+pDtT4G!lk)G!lktplltpIf!!

!

e - c -

$

A
"partide-part.ie/e''ter-:LPPkv,Q)''partide-hde''ter-:L'"livia)

- u p+µ

Athirdord-OIU?) . . . a l lcontributions c a nbesummedu p⇒ full Green'sfort. . . .

I generalobservatie effective interactionacquireswavevectorsfrequencydependence,i .e .

becomesn o nlocali nspaceandimaginarytime throughpert.corrections.
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3.6.3Parl.ie/e-partideandparticle-hdeterms- (one-loopbubbles)

t >forlateru s e : introduce"infra-red" 1 imposedo n baresingle-particleGreen'sfat.

H cutsou t modes n e a r Fermilevel for I d k )1 < - 1

A fullresultsobtainedwhenletting 1 → 0

↳ freepropagatori s t hen :
GO.sn/iw,k)=0-llElk)I--step function!

i w - Eck)

* parl-parlietern forincoming total frequency i n (bosonic)andw a v evector Ö

[ I l i r,Ö)= §'TEinGO.nliw.li)G.„C-iwtiv, - E+ Ö)
I Matsubarasummatie

Reysidnetheorem

↳studyintegral I n= §GIFf t )-CZ)= § Res[flznlnFK.nl]
n s u mo v e rpoles encircledbycircle integral
^ ^ integrationcontour: circlewithradiusR andR →

❤

"integrandi s assumedtodecayfastenoughsuchthat I Rvanishes whenR → •

①(teck))- 1 ) ①( k l - K+ Q )l - 1 )↳ for particle-particleterm u s e Z = i n a nd Az)= z . e c # - z + i - - Q )
↳ for n i l z ) u s e t heFermif-onn.cz/=ez#+nspolesatZn=il2-TT
↳ polesa r e exactlyt h e Matsubarafrequencieswithr e s i d u e !

①HEINI-1) ①(Id-Ex☹1-1 )↳ forI n→ 0 : T E i-j-iwn-nq-zfn.dz/ResfQkHtt)Qktk-t]icon lz-EIEDL-z.IN-Elite+Ä)

=

$

IMI-1)
①(letzt

$

1-1 )1-H-KHD-ntlet-ki-iv-E.lk) + EC-Ftd)
g -multipleo fz u↳ w e haveused nie( E+ i v ) = h t( E )

1 -ndem-ndd-k.to))⇒ parl-parliefern: LPPnliv.QI-GO-lldkKNO-lktktQH-1-i-e.ci

I >p a r t i c l e : analogouscalculation with Q=p'-ltpnildkD-n.CE.lk
toi))⇒ partic-etermilyir.QT-GOHEKY-NQ-ldk-iall-ti-g.co;)
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3.6.4.hogarithmicdiverge-
ofpartide-partidel.EEfocuso n vanishingexternalfrequency i n= 0 and Ö= 0 p i - p . i e , 'n} 4
↳ graphicalrepresentationa s partide-part.ec/ediagra- - P

! "

-P-e"

Einversimety: ECR)= E l -K) ( e .g .: freeelectrongasEI , squarelatticetight-binding casketcosky)
Y

↳ LPIlqot-EQKKH-NO-lklk-H-t.IE#Y--IwdegcaY+ Indegeest w

→ D o s / dcgcqt-2nHE-Z.EE↳ transformedfrom w a v evectorsummation Ein t o energyintegral Idestle) ^

^ ^ bandwidthW and cutofffunctioncutso u tregionaroundFermilevel l e l < 1

↳f o r t neglectthermalsmearingof Fermifunctionandcombine twointegrals

^ ^ LYON)= [des( E )% = 910)l m% withflo)= DOSa t Fermilevel

I haveusedassumptionthatvariationo fsee)c a nb eneglectedi ntherespective energywindow!
↳nota goodideanea rVHS,s e ebelow!

0 fo r E > T
°

L a f o r t approximateNFCE )= | 1 for a < - T ^

!

-

EU-E) fora c - 1 -T T ]

!

E

↳ interval E-T T ]givesf i n i t e for T → 0

7 outer regionsgive s i o n : LPI.no10,0)= [desE )E = flo)log¥
↳ note:sharp stepofFermi fat.for T → 0 i s essentialforthis behavior

= Dpp-diagramislogarithm-ydiergetatlowTandsme.HR:LINKSolln!⇒,
graphenegcc)v i e l !

s
D thisdivergence a t i n= 0 andÖ= 0 i s c omm o ntoa l lmany-fermionsystems |
with d k ) = EC-K) i n any spatialdimension a s longa s DOSd o ) > 0 !

I analysisofparticle-particle terma t i v .0 andÖ= 0 i sworst-casescenario-o.rs
othercontributionsfromthisterma r e usuallysmallera n dregulara t lowTo r 1 !

3 -1 2



3.6.5.summationofpartick-partidechan-lgob.ee/ondU')

* i ti s no tpossiblet ogiveclosedexpressionforfullperturbations toa l lorderso fU

Dh i ghe r - end containcontributions thata r ec h a i n s o fparticle-particle terms:
n - s loops

k F -
- . . . -"

$ ☹

^ !

$

u .

$ !

anp ' - . . .
- k x pxp'

↳ eachclosedloop① correspondst ointernalk-summationfromperturbationseries

↳ internal k-summations within each chain segmenta r e independent

⇒ valueof chaindiagrami snthpowe.ro/rparticle-particlebubblek
pickingou t thesecontributions i n perturbationexpansionc a nsometimesb ejustified|↳ D > 1 :whenpp-bubblea tQ

☺

ist h eonlylog-dirdiagram⇒ pp-ladderwilldominatea tanygiven

ord
erß

I thepp-ladderTpp!☹der
= Veffi sexplicitlygivena s : geomget

rie
series

I I I .lpt.pt;pxlt.pt-e)=☹MU-WülptphtÜÜüptp'ix.]

!

E )U n i f y
↳log-dirforptp'= 0

I N i f U >0 : %"becomes verysmallforT,1 → 0 n s log-dir. insignificant

(2) i tU< 0 : Tpp""divergesmettectiveinkractionbecomesint-itystrong

↳VH-opsapdewhent.gl01141log¥⇒ I n We-¥" (pp-o.ro#instabiity)
B i nstabilityofFermiseaw.it.attractiveinteractions⇒ formationofboundstates"Cooperp-s"

↳ f tp .0
↳ forphonon-mediatedattractiveinteraction Tc~ 0110K)

"

!

:evenf-ulsiea.rsdivergenceo fpp-channela textremelylowT >0 :Ko h n - L u t t i n g e r e t t e l t e
usualgroundstateofcleanmetalwithE - Eth)i s superconductora skilledbyimpurities!

i i i .d e r
E optiont oproceed: introduceH-sbat-hdeoupgm.SC gapeq.

Ä

! ☹

←.
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3.6.6.Partide-
holetermandsummat.itsimilar toCooperchannel,alsoph-termi nperturbationseriesforG'" (vertex)c a nbesummed:

I I I .erlpi.pt/.p+e.i,pee.H=fINXu-WEiilQItU3LIlQPt...I=fTTvIU#a)
RHEIN-n#Elkton nautical-nice-ä))

1 )ph-bubblei-l.LY/iyQI=Iki--EkQ=Ek'=-k-Qi-k-Q--

$

=

a u )

= [ Ä H ' toi))ä - I V+ EH')- F ö n , = LP!(IV,Ö#

!

i ta >E .⇒ nice.)<nt.kz)

Iph-b-isnegae.LI/iyQ)=Ek-%E0k-EkE ⇒ Innen-vk.DK.- g )< o .
+ leckt-Eina,]? E 0

⇒ ma x im umo f ILYI w i l lo c c u r a ti ! (X)

k since Lütti s negativenladder1 )Iadderc a nhavea divergencefor U > 0 , when:

!

L Ä Q 0

→ phinstabit e s Generalized)stonercrit-n.IO)

(1)consideri u - O - 0 : / / Y . I O , ä-o ) ± §'"FKYIIIEII.to/oi..o-
dnFlElkI)

= §'- ↳ → -§'S IE )=-go) forT → 0

↳ forfinitego) n require criticalvalue U . i n Stonercriterionforphinstability
↳ sucha ☹ 0 ph-instability corresponds t o ferromagnetic

D =D ;

$

r )forµ-o.t h o

② consideri-QT.IT/=-Oin2DHubbard-ithneIgElktQ)=-Elk)
↳ WarerectorÖ ⇒ allern-sigforpkasefa.com neighboringlatticesites D = D + (MIT)

!☹!!!☺!

⇐
µ
* everywherealongHatsideso fsquareFermisurfacew ec a nletg o

ECK+Q)andElk) t oz e r o simultaneously= Dph-bubblebecomes:

( f f 10,Ö)= § 246243T=-fdegcafztanh.EE withD O S S K I u - l o g . P H- 2
↳ forT → 0 : L"(QQ)rifflelogic).!= Illog%)= D log-squaredivergeu-

lnesting.tvan-Hovesingularity)

joinedHubbardmodela tµ-1=0
k divergence(2)i s strongerthan(1): eiQ.sileadst oantiferromagneticord-
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3.6.7.Decouplinginthemagneticchannel-forH.tk + Ha n o 2 -= tre-MHMN.fa-a.es

I drawconnectionbetweenph-instabilityandmagneticorder! qq.iei nfermions
s i

- 2↳decomposeHubbardinteraction: HEUE'
nirnit-YEIElnir-n.it-EinÄÄÄÄ),

n a= ) ,

↳t oconsidermagn e t i c: ignorefirstterm andgot o functionalintegral
↳ sz.iisafermi-biearisz.it)= E rC )C i i k ) - C -i d k )l i t t ) (in Grassmannfields)

l >Hubbard-Strat-ichtransformalindecoupung:

↳ recallfromGaussianintegration(caseo fscalarfields¢): Idole -¢??

$

- e "

↳ jzijd.us#-=fDm,,i,e-EiId-1¥""""-Em'""!""" withrealscalarf.ie/dmc-- ( * )
-

↳ mk. i t couplesl i kemagneticfieldZ-componentt oelectrons'c)„ I T )
n interpretation: collectivemagnetizationfi-miz.is (Hubbard-Stratonovich field)

t i fm hasnon-vanishingexpectationvaluea sdynamicso f tandI electronsi sdifferentasystemis-gnetic

"Cac t i: S (Ein,Cin,mi)=
{di
e {[SEDUCEµ)c i s t )-t.fi!☹ c )( j s )+ C-jskki.sk)]
+¥?m i tÄ

!

E D

+¥9m i r }
Sz ,

↳ actioni s onlyquadratici n fermions (⇒ fermionsc a nb eintegratedoutwithGaussianint.)
↳ rewrite actionconveniently i n w a v evector&Matsubaraspacewilhiko),s = k . s i

S I Ek.s.cn,MH))=-Einstens
Musik.si

Cast + ! [qmI N '
where Musik:S,= like-EM)+ µ )Session-VI!signs)m (k-Kloss,= G i l t -E i Ülm))

F - e -
Go I lm)

qianintegrationove rfermionfieldsF c
K -Self( m )⇒ partitionf-on: Z = 1DMIDEDce -" " 'm)= /D me (

"

)

e -
w i t h Sea(m)= ¥[a.mal'-Trennt)= ¥[a.mal'-Treu( E ) -Trent-ähm)
↳ secondtrace(I

"

)contains scalarfieldsm y )andc a nb eexpanded...
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I ( E ) = -Tr lull-Öhm))= T r(ähm))+ {Tr(G)cm)Gum))+ 0cm?)cnn.FI?.sGocn)si92Imae=ni)=olbecauses=-
nauds=-e cancel)

↳ traceo v e rsecondte rm :

J F[ÖoÜ(m)ÄHM)]= ¥ ¥?[ E IG.(k )m (k-k')G.(k')Mlk '-k) phbubble
-

= Eig¥Im

$

i

{EGG.lk/GolktqB=UIEiqLPYq)Imcq)i

⇒ actionformag.fieldupto2ndorderi nm y ) :Sejlml-EQEI1-ULPttlqlkmcq.FI
a s longa s H tNLP"4 )) >0 ⇒ largerI m(g)I havelargerSüdcm)
⇒ statisticalweighte -Sett'm )smallerthanweight form yK o ⇒ n odifferencefortandtelectrons!

K situationchangeswhen( 1 +4 ^ -1 ) <0fors o m eqm7 generationen

"

)
p r - * e r
µ # p '- e t↳ fo r(1+42"(qm)< 0 : non-zero values ofI m(g)I havehigherstatisticalweight

↳ higher-orderterms i n Self xm4.mg... renderaction boundedfrombelow

"""!!

m

- ,⇒ a c t i o n i s - a l a t ome±m (qm)nein a smostprobable valueform eq ) mm"

I i f system i s i n o n e o f t h e twom i n ima : Spont-sbeakingotspinsymmety!

↳ TandI spins w i l ls e e opposite mean-field ± man)m i n ⇒ magnetite
U becauseof(x) : (☹ ) happensfirstforD =Go= 0 = D ± Mcqm)n u nI S T independent p r - p a r

p i epe rÜ Sa-pointapproximali : ignorefluctuationso fmlqlnsmlqt-dqo.odq.imml

$

min

↳ conditionform i n im um o fSet: EfrainSettling)= 0 n s

gapeq.ua/ikordering-torsqm:

(1)Im→ 0 : realspacem i= m ( g )
mine""

!

MIO)min

❤

Constantmag.field3F E R R O M A G N E T I -2 )§„ →Ötv)=-Ö:m ,= m (Ölmine"
☹Fins

alternateso nneighboringsites

❤

ANTIFERROMAGNETIL.is
forperfectnesting(2 )i s strongerthan4 )duet o log'divergence a sA FMgrounds ta te

3 - 1 6



3.6.8.Commentsontlubbard-
Stratonovichdecouplin.FMorder: shifts spin-dependent chemicalpotentialn e E #(E ) = ECE)- µ ± Umlauts

↳n ogapforphexcitationsn osystemremainsmetallic (forexample iron,nickel,cobalt)

!

[AFMorderleadst o energydispersionforelectronso fthe form ECK)= ±Völkl+ Emd)

↳ excitationgapa t Fermilevel ' s systemi s a n insulator

I saddlepointapproximationcompletelyignoredfluctuationsa soverestimatesordering

I fora l t u b b a r d i o n : u s e differentcollectivefieldfordecoupling
eutodi-Eiuiickic-k-atcuxqic-
%fD.gg#Dg*,q, e -Idk,ÄH)Hatte+F -

Ed

$ $

Enc-nvcnxa.it#EEniEn+qtB

↳ with auxiliarycomp-bbard-S-vihfedklq.tn)
↳ A couplest o operator ctnq.sc!µ ↳ C-perpair withtotalmomentum§

3.6.9.commentoncompetin
ginstabik.tkfor Hubbard-model dispersion,alsopp-bubblediverges a s (log]duet o VHS
* separatesummationsi n pp-andph-channelss obotkladderseanleadtoinstabilitiest>
fullperturbationseries contains manyotherdiagramsv s e .g.mixeddivergentpp-/ph-bubbles

a Question: which instabilityi s strongest? n ocompetinginstabil i t ie rs(1)s u mu pa l ldiagrams(atleastone-loopandtheirproducts→ p a r q u e t s )

o r (2)renormalizationfor summationo fa l lpossiblydangerousdiagrams...
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4Renormalizationgroup-RG) energyi ne v

u Kontombrepulsion)
Hinteractingelectronsystemsexhibitdistinctbehavioro n different energyscales ☹

!

inne n

energy,

^ Janagnetici .a . )↳ integrateo u t d .a .f .s withdifferentenergyscalessuccessivelyN I E a n k.jo( s etransition)

4.1.Thegeneratingfunctio-W.TV
arbitrarymany-body interaction(s i t
-

I fermionic action: 51443= - (TiGo"4 ) + ✓[ 4T ]
f .term.Matsuurafrequencyµ>warerectormomentum↳where µ , G '4 ) = [ * Tk)GÖTH')4 k ' ) a nd × = (Ko.# I I !spinorientation

↳ Vlt,-43=14☹

! ☹

VK.kiixn.sn)

FÜRTH)44 1 44 )

↳ spin-rotation a n d translationinvariant bareprop-gato: Golm')= Ökowein

$

Go(kok)

w i th Golko,k ) = inote where Gr= ECK)- µ (single-particleenergyrelativet oµ )

kgeneratingfunetionalofconnect
edGre.eu/sfunctio-:WIy,E )=-en)DM4)e -" " " e ' Ü

$

+
MTN (Schwingerf-onal)

I-ctedm-pa-Greensfuueions.fmW I N Z I -(×,,...im;xi.....im)=-44K)-4km)Thin)...TK'☹ T Ü T E N
* expandingWIKI]i npowersoffields:WIKI]=-lnztljGRI-I.pt?jGYkaxzixi,xiYKnMTxiyxiiguilt...
↳withpropagatoro finteractingsystem:G=

4.1.IE/fectireactio-

"

information i s also efficientlystoredi nLegendretransform-Cg,E )

↳effective: T H E ]= (E.4 ) + (Fg)+ W[gif] with 4=-ITand4-= I f
I T H E ] generates theso.ca/ledone-p-eirndibevertexfnsl1PI vertices):

{2mF[4,4-3T " "Hi,....im;×,,...Am)= -

JFK!)...8 4Kui)ö hm ) . . .8 4 N
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I LegendrecorrespondencebetweenWandT yieldsrelationsbetween GE"and T"",e .g.:
↳ T "= G -' =Gott-[ , where E i i s thesetf-energy-LGYK.si/
i,xi)F4jYnyiIGkayilF4yiik'iyyd64.xiIGH.ru)

Defectiveactionobeysreciprocityrelations: 8¥= - z and §¥= q (4-1)
S W S WI secondfunctionalderivativeof WIWI ~ Ä - F o i x- ] : www.it-fsw-aiiY#)-

sqx)erylx')
S P S P

~ - -I secondfunctionalderivativeof T l4,5]: payyy] = erinnern') situativ)( ÷ ä÷!
84844')

~ ~ - n

⇒ T '" [4,4]= ④ '" I I I ] ) (fromreciprocity relations) (4-2)

4.t.2.IE/fectiveinteracti-D (here:justusedforintermediatestepi ncalculation)

t >effective interactioni s anotherusefulgeneratingfunctional,whichi s defineda s :

NIKE]= - l n{¥,ID

$

E)ENTE4 )e -VENTITTE]}

↳substitutionofvariables↳ VIKI] = WIyifI-lnZ.IE,Golf)withF -Goy,E -Gtz (4-3)
- .

E r functionalderivativesof VIKI]w i r .t . I Egenerate:|↳ connectedGreen'sfunctions withbarepropagatoramputatedfromexternallegsi nFeynman
dia
gs)

-
↳ term l nZo-II.Gott)cancelsnon-interactingpartofWEHE]suchthatV I I I3=0forVK. IO.

E r representationof V I I I ] v i afunctionaries:
e )N Ä ]= ¥/@(qqyelF.ci/4-VI4tX,FtE]

= 1 -e -NÄHE]1DM,☹erhöhen,4 h +KittyZo E E O

= e -VII.I IeukoujnHHEFYreo-e-vof.se#iGEteKHtk, E)\,

!

o

=
e☹Goe-VIK I ]

↳ with f u n c t i o n a loperator): I q = (¥,Go¥ ) = §;INGolm")¥ )
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4.2.Exactfermionicfloweq.ua/i-

⇐recall thesingle-particleGreen'sfatwithinfraredcutoff1 : Gotha)=
%fEdg.I
T

↳ infraredsingularityofpropagatora t ko= 0 and GEO i s cu toffa t scale 1

↳momenta closetotheFermisurfacea r e excluded!

I b a t e n constructedw /6 ! i s 5^14,4],generationalWIR],MIKE],MIKE]
↳ originalfunctionals W i l lrecoveredfor 1 → 0

I forfinite1 , w eobtainforthee f f e c t i v e: e -
✓^

= e sGete -V (4-4)

↳ a thighestscalet o a Goto= 0 ⇒ 8 " ° = V
⇒ V"interpolatessmoothlybetweenbareinteraction Vandgeneratingfunctional8

( "flows")

42texactrenormalizationgroupequationforeffectiveinteraction-

1>derivativeofV " w.r.t.tl with äh=D!Get and t rA-= ?A h ,x ) :
I V ' =-et"f re i "E i e r ! ( e - e ) = - ö "

!

⇐

e r "
=-Äh¥ ,ä ¥ ) e -"=-er"( E .E r E ) e i nX x

= - ö "EE ,i i i .¥'))Ä-ertränk

!"

De r"

⇒ theatenüüüüüüüüüüfi-
↳requires initialcondition V "IX .I I = V I K I ]
↳ RG equationdetermines flowofV "uniquelyforal l 1 . < t o
↳ forsharpmomentum cutofft oc a n bechosen a s m a xI IGH)
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4.2.2.Exact-iz-oupequation.fr
'

I combining 14-3) and 4 -5)yieldsexactflowequationforW^ :

¥ what] = ( I I , d i I I ) + trloi.EE) with Q!= K i t a -b )

I considerscale-de-tef.ae/ioMI4,F3--lrTit)-l4,rf)tWYgi,gf]
↳ pfiffa r e 1 dependent functionsof4,4 determinedfrom - I f !4 andEIE4-

cancellations...

⇒ s e a t e d : a )4447= I I I .4)+ IT,# f )+I NTÜR

!

INNEN,

nixed 4 -7)

❤

inserting14-6)into4 -7 )a ndusing(4-2)yieldsa n exactfloweq.ua/ionfortheeffectireactio-

adamminikainstrlliiättümit!!!# * * × : *

4.3.3.Thewetteriche
q.ua/iIa b i tm o r e groomingyieldsthemostc ommonformoftheexactRGequation:

↳ define F f l4,4 ]= M IT,4 ) + F .R "4 ) where R "= Qi-Q.

⇒ ftp.ItrlRTIYKFI-RF-IIIIII;!!!:*,
↳ F i andT ' bothHowto the s a m e effective action T for1 → 0 ( R "vanishes)

↳ a t initialscalet o : EYI F F ]= 514,4]
⇒ T.IM/erpo1atesbetweenthebareactionSandt-tecieactio

I c a n beanalogously formulatedforb o s o n i c !

I exactfloweats.c a nb e useda s startingpointsforcalculations o f correlation fats.
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4.3.hr/-exexpansi-
* expandtheeffectiveaction i npowersof the fermionfields4,4 :
↳ MIKE ]= E)A"""14,4T wherefor m ± 1 w e define 14-9)

↳ A"""14,47=41-1ftp.T" " "Hi,....si;x .....im)Fix;).._Fix'mM a i . .-4cm) 14-10)
i m

* thefieldindependentconstant A" "yieldsthegrandcanonicalpotential A" "= T 'N

± t oexpandthe inverseof F " " o n thet.k.seo f14-8),w e isolatethefield-independentpart:
a -nottueseit-energy!

TK)^ [4,4] = ⑤4 -
^ _ ÜM I T ]

, containst ueseit-energy!

↳ here (Ö')" = (F'""14,4-314,⇒ ) " = diag(G",- G " ) i s thefallpropagator
↳ and £44,4]= - F " "+ (Öl)- 'cairainsallcontn.ba/ionsatleastquadraticinthefie-!

I n owexpandµ"")
- 'asgeometricseries: IF"")

!

(1-EE')"G ?IÄhää)")E (4-n )

i n insert4 )into14-8): dotM I KE ]=-RT,̂ 4 )-trloi.ci) + !trf-GYY.jf.EE ^5")"}

⇒ - 4 Ä Ö

!

ä - 1 4 - 1 2 )

F -
contributionsa tleastquadratici n 4,5

with ST= dingIst,-s")=-EY!!;)E
* using (G)" = Q i -[ ^ , w e c a n write S "=#6^1[ ^ fixed lsingk-scakp-aga.at

4Itttierarchyoffloweq
uationstcompare coefficientsi n (4-12)ofquadraticcontributions ~ 4-4 (see(4-9))

↳ I A "=-IT,äh-trlsr%Aaqzu.n-E-
shy.yimuih.my#4- B )↳ insert(4-10)a ndu s e T " "= Q i -[ ^ ⇒ „ y .

"diagrammatic representation:S"= - y , T " " =
"

☺ ☹

~ # [ ^
=

" ☹"

in

× ' x x ' ×
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# comparing coefficients ofquarticcontributions v 445
↳ LA" " = ftrfs.it#EeA'"Töff#A"") + suff#A'""16411.it"")}

- !trfsIEIAYGYEI.it"")+54¥!A"")GIE#A"")}
- E rI s t¥,#A"") n insert4 -tot:

two-particlevertex flow⇒ üüüüüüiiniiiiiiiiiiiiiiiiiiiiiiii""
y ' y

I diagrammatic representation: G "= y i - % ,
T

$

= × :

" !"

-×.

* × ,

um☹im", ☹↳floweg.fortwo-particlevertex: datT " " = ☹

" !!"

t.mn#.

^ n ' * i

↳contributionsinvolvingT " "givefamiliarppt-diagrams:☹☹☹Ii=☹

"☹!☹!

-Ä¥

"

-rtf

"¥5"

" !

z.

" < an .

* t . t t +
☹☹☹☹

.IE/aeizID#ai-
pniccrossea,

* similarlyo n eobtainsflowegs. fora l lhighervertices T " " "

↳ floweq.for T " " " contains contributions from"tadpolediagram" involvingT " " " "

↳m-particle verticesa r e generatedbytheHow,irrespectiveo ftheirpresencei n bareaction

⇒ infinitekierarchyoffloweq
uationd pfaendediagram

# [ ^ = ☹☹ " tadpolediagram
-

i n☹ i m ☹

☹☹☹

!!☹"!!☹☹☹!☹☹!!!☹☹! !!!!☹ ☹ ☹ ☹ ! !

/

"

,
-°: generatesfiniteT " "
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4.3.2.Truncati-
kexacthierarchyc.tt/
oweqs. cannotgenerallyb esolveda s "truncation"unavoidable

I >level.me/runcatio-neglectflowofaHverticesT""" beyondcertain orderm o

touranalysis-eligistabilitisin Hubbardmodelwillb ebasedo n kretzter-ation

↳ analysisof flowequation (4-14) forT " "
↳ set Tu t= 0 }simpleapproximation capturescomplexity ofp p t p h f l u c t u a t i o l i >neglectself-energy feedback

Ü fermionfieldscarryspinindexsandmultiindexK-Iw,k )

↳spin-rot-narae.FI?ssqlKnKajks,k4)=V4Kn,KziKs,K4) dassGsg-VYKykniksikylds.s.is,
(4-15)

↳a-e-andtime-ranaioaneik.tk, = Kotka

↳ VK.kz,Ks)

! " ☹ ☹!

%"

( i n t e r n e r)

t Plugging(4-15)into (4-14)y.ie/dsthe-equaionfortheinterac-rtex:

dd-Vtlkakaikskutztpftkrikaikskul-tpidtkrikaiksikul-
tptiertkrikaiksikt →

Yani!!!
#µ

↳ with t h e p p - /ph-direct-/ph-crossedcontributions:

Tipplkn.kziks.vn/=-tzfdKV4Kn,Kz,K)BlKiKtKn+Kz)V4kntKz-k.K,Ks)

! ! !!

T T

F )(KikiKs,ka)= Efdkf2VYKyk.ikstk.KIVYK.kz,Ks) ①

! !

Ft

- VYK.kz-kstk.KIVYK.kz.kz-kik) f t
FEE

"

☹

- VYKnkz-kstkik.tv/YK,Kz,Ks)JB4K,KtKz-Ks)-E
-

! !

* " ¥Ipjcrlk.kz;Ks,4)=-E)dKVYKnk.kz/B4K,KtVy-Ks)V4Kn-VytK,Kz,k)

↳ and F-n.kz/=aflGtkGk=Bk Ä ÄT
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44.Applicationtothettubbardmodelat
van-Hove.fi/lint>considert h eHubbardmodelwith nearest-and 2nd-nearestneighborhopping:

H=-tqjfcit.rq.se + h .c.)-t%ffcitcj.sethe.) - µ Geiler + U?- n i x
↳banddispersion: GE= ECK)- µ

wi th E K )= - 2 T(Costa+ c o sKy)-4T 'c o sKxc o sKy

t rdispersion ECK)has van-Hovepoints Er,
↳ D O S diverges a s SIE)× logiete Figure4 - 1

| %=

%!:

!☹☹"

☹☹

" " "

!"

t.D-misu.ee:

☺!!☹! !"!

E r,= EN) µ

↳ duetoreciprocallatticevectors 12N,0) ,10,2A): C-MO)= X and (0,- A )= Y

Ustrongestcontributionst oflowof✓^ frommomenta,whereD a s i s large
⇒ make"two-patchapproximation byevaluatingV "onlya tsingularitymomentaX.Y !
↳momentum-conserving two-particleinteractions (scatteringprocesses)o n twopatches:

↳ Couplingsg i . i e{1,2,3,4} (sometimesreferredt oa s "g-dogy")

•g . •9 § °

ge : ② gz:

!

g .¥ 3 g":⑧äI
↳relationbetween interactionvertexV "andg i : K )VK.MX,X)= V I .4%41=94

K z - K , ② VdK,X.Y)= V.HAY,X )= g ,

k .
☹

!!

µ

③ hkihYH-kly.hn/)=gz
(4)VK.li/,Y)--VdY,Y,X,XI=gs

4 -8



4.4.t.FI#ionsfor-gsgi
I >startwith couplingg , and equation 1416):

£91=#VK.Y.MY/=TpplX,Y,X,Y)tTm.crlX,Y,XiY)tTpH.dlXihX,Y)withnotationV-V "
↳ assumption: interactionvertexv constant i nsmallpatchesp=☹ in Figure4 - 1

↳T.MY,X.y )= -tzIKBYK.MY-K)VK.Y.lk/VlXtY-K,VyX)

!

: P n -from-×,- Y
= ftp://n?p4k.xtY-kfVKihpIVHtY-p.p.X))x2

= E )(Q)
m a n _- ÷

= - 2 ?H i )gegen=-P.IN/NlXihXiDVlY,X,X,Y)-RlYX)VlX.Y.Y.X)VlXi4XiY)

⇒ T.pl/
hY,X,Y)---2EpplQ)g,gzwithQ=XtY=lT,IT)-
1snote:K-integrationi ntippi srestrictedt oa r e ao f thepatch☹

"

withr a d i u s

↳similarly, w e find: T.pt,e r IX.IX.Y)= 2L)101g.ge, andEp".dk,IX .Y)= 23161g,Iga-g)
⇒ Igs= 2L:(a)g .Ig,-g)+2.LI/0)g.g.-24lQIg.gz-
Ddoana/oguouscalculationforgz.gs/
g4tofind::::::::::::::::::i
:::ü:::

!

÷ :

Igs=-22%101gsg+ + 2 E )Q )931292-Gr) (4-1 7c )

I g ,=-L%Cdlgj-g.ie/tLplO)lg?+2g.gz-2gi-gi) (4-1 7d )

I behavior of tippt,/ ' ) a t ran-Hove filling and 44141i n - r i n g ) :

z.it:4?:I:::i..::.::::D:*.
(2) Lipton) v-log¥ ,

[deviatio
n fromperfectnesting

⇒ Lipt

$

andLILO)subleading s oneglecti n (4-17)! suppresses2ndlog-dir.!
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I > definey-logfojandgi-dd.gr rewrite(4-17)with (4-18) andneglecting Lip

$

andLink:

g., = 2 diy)gig,-g.) , j s=-29394+2daL)(292-9)93 µ.gg)Xgi-dsjay.sn,
jitoroadukt↳wherediy):=☹

!

and
follows{day,

~#logM i t a s y → *

↳ thechangeo f giw.it. a change of Yo r k i s calledthe"renormalization o fg ;
↳ integrating ou ta l l fluctuations m e a n s y → •

4.4.2.AM/ysisotflowequatio- (4-19)

I s t a r tfromH-mode l i n i i da .f i = U > 0 (repulsive) , i n {1,2,3,4}

↳ inspectionof (4-19): gngz.gsmus tstaypositivei f theystarto u tpositive!

B i g : %>0 and gj.gsvanishi frespectivecouplingsvanish⇒ theyremainpositive

↳ however:g.4<0⇒ g ,decreasesa s y grows a s eventuallychangessignandgabecome-gat.ve
= D negativeg , correspondst o attractiveinteractioncomponents c a ndriveS cinstability

↳ leading renormalization o fg" fromCooper-App-channelv Lpp.IO),cf.lt-17d )and(4-19)

93↳ j a0 reducesg , , ja>0 increases gz a n

↳ termxdcylg.gs i n j s i s positiveforg,>0 and
pushes

$

up "

!!!☹

y
↳ dlylg.gscomes fromLpt,(Q)contributions! 94

↳ g .itselfi s pushedupbyg} ⇒ eventuallyincreases
⇒ interaction%-g)becomes negative (attractive),b u t (g,+g )remainspositive(repulsive)

k thedescribedbehaviorand signchanges alreadyappearfors m a l l c o u p l i n g s -
generationo fa l l - t e r r a i n i s a qualitative resultunderper turbat ion!
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4.4.3.Divergencesofflowingc
ouph.nl>following the RGflowtowardslargey : divergenceo f the couplingsg .→ ±N fory→ %
F-since"ging"u g ,= IIT n e a r s o m e % (4-20)

↳ with g., gz.gs→ + a n a nd g ,→ - •

↳ divergence of g ,only log-typew.r.tn. y e - y
I Substitute (4-20)into (4-19) t oobtainpolynomialequations:

gi-2dlydgilgi.gl), gi-dcydkgit-lgjtt.gs=-2gjgi-2dcydgjkgi-gil.gr=-Gilgit 14-21)
↳forexampleforperfectnesting(du= 1 ): g!= 0 ,g i l t ,gj-E.ge (4-22)

4.4.4.headingi
nstabi.lkidentity meaning of divergences o fg , i n terms of orderparameter (SC,magnetism,...)

k introducea l lpotentiallyrelevant fluctuating (orderparameter)fields le.g.byHubbard-Skat.Kato)

↳u s e O Pfields to decouple 4 -fermioninteractionterms (AFM,SC,...)
↳obtaina s e tofterms containingtwof-saudoneOP-igh.edu threelegs

↳computerenormalizationof "three-legged" vertices

↳obtainsusceptibilitiesi n variouschannels a s check whicho n e i s strongest!

⇒ identifyleadinginstabih.t
kExampleisuperconducting/pairingvert-

G V= ☹ , derCI,+ DEC n c , + Az )die + Ä h ,Cz,
↳ here di" i s a fermioncreation/ annihilationoperator a t patch i c -{1,23
↳S V c a nb eused to decouplethefollowing parto fthe interactionvertexV

✓' =gdcictc.cat Stück)+ gsktcntczcztcztcztc.cn)
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↳ i n RG , the A ; obtain 1 -looprenormalization from diagrams:

¥,☹ , = ¥Ä =☹ä☹s, +Ä

☺

bz = - I n94-Aags

¥ s . =#Tag =Ä r a +☹Ä

"

d a = -Ags-sag ,
↳ introduce ☹ + = I s t J a and I - = I . - J z

= D ¥ 4 = § ,+ g )↳ and dayI - = (94-93)A -

↳ with (4-20): A +xcy.ly#gi, and A.ae#y-witha---gj-gi-yH23)

ksameprocedurecav.be/oKowedforAFMvert-

↳ § MT#M= diy)(G,+ 93)MT#µ⇒
m-a.FM/ny#*MwithXAFM=dlyd(gi-9s-
y4-24)

I si-oatperectgldcy.tt) n u s e (4-21) and (4-22):

↳ a . = gj.gl, = Es+ ! = I I <0.539 divergences/ instabilitiesof
↳ d a ,= gings= ! + Es= '¥5=

0.53g
} b - and Amy a r e equallystrong!

↳ subheading terms i n (4-17) decideo v e r leadinginstability! v s favor AFM

Asitua-wayfromperfeetesting Cdu)<1)
↳simplenumericalevaluation of (4-21) withfixed dad< 1 gives:X_>4 (4-25)

⇒ awayfromperfectnesting the pairinginstability v a n i s stronger than AFM !

↳ the pairingfieldcorresponding to A - has opposite signs o n patches 1 Hand 2 (Y)

↳ this i s i n contrast t o a conventional superconducting orderparameter(A+)
m ,

⇒ unconventionalsuperconductivity with d -wa v e symmetry ¥44
v s the leading instability away fromperfectnestingi s a

d-wavesci-tab.it
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445.8mm
ol>the interactionstarts ou ta s repulsive (ginU >0),bu tgetchange signa ts o m escaleyo
↳systemself-generates attractive pairing

↳Lila)-term i n j s i s neededforthat topushgsup!
I both A F MandS C vertices divergea ty e : d i r ~ ±

(K-y)×

↳leadinginstability i s theo n ewith larger exponent×
↳awayfrom perfectnesting d - > DEM

4.4.6.at/
oI numericalsolutionof R Gflowequations 14-16) yieldsa m o r e detailed"phasediagram"

of the t-E-µ Hubbardmodel:

÷
③⇒
=
8
e -
•

E- +
perfectnesting

Honerkampulsalmhofer

- I t andµ a tVHpoint P R L87,187004 12001)

k applicable to different lattices,bandstructures,interactions,...

↳e .g ., honeycomb models (graphene,...)
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