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1 . Introduction a n d background



1.1-sta.ph/sicsDsolid-
state/condensed

matter physics

↳ o n e of the most activeHersatik brancheso f modernphysics

↳ fundamental questions and technologicalapplications

↳general task: deal with system wi th many degreeso f freedom

"So l i d : atomic nuclei Lions)oftenarranged o n regular(elastic) lattice,and of electrons:

Jaaaa Jaaaa
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↳ description of the system v i a laws o f quantum mechan i cs

↳ Hamiltonian for ions a n d electrons: elementarycharge
+

„ „ ÷ , ⇐„ ÷ . .
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P 9
freeelectronm a s s m a s s of j-thnucleus
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D Scales:

↳ microscopic lengthsca le : Bohr radius AB=
time = 0 . 5 . 10-"m

↳ energy sca le : Hartree %, = 2 7e r ← r e s t m a s s of electron GO.siMeV)

↳ energy scales i n physics:

"

! " "!

|metals
a t om s

phenomenological GUT
magnets particlephysics,superconductors,... standardmodel quantumgravity

↳ i n solidstatephysics: phenomena a t r o o m temperature(Tv300K) and below

❤

characteristic energies: E v k . s i ~ 0 . 0 3e V = 3 0 m W ⇐ 1 Hartree

D goal i n solid state physics: describe low-energy properties starting from eq.lt-1)

↳ rich phenomenology: metals,semiconductors, insulators,magnets,superconductors,

chargeordering, quantum Halleffects),...

↳ many i t - h g d . a t . m a k e description difficult
↳ need to understand fundamental concepts to formulate effective(reduced) theories!
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1.2.IE/
ectronsincrysIB
manyso l i ds v s periodicarrangement o f a toms v s crystal

↳ electrons moving i n crystal feelperiodicpotential o f i on lattice

↳ energyspectrum from delocalizedeigenstates o f Schrödinger equation

a s formation of bands of allowed energies a n d gaps o f forbidden energies

D bandstructureth
eolotwo limiting starting points to describe band formation

(1)nearly-freededronapproximatio- | |

""""""$!!$!!

:

• freeelectrongasperturbedbyperiodicpotential v s breaks u p continuous spectrum

(2)tight-gapproxima :

• independent atoms brought together a overlapping outer electron shells

!""!"""

↳ assumptions: description possible i n terms o f "singleelectron states"

%! "

↳ electrons d o n o t dynamically interactwith otherelectrons,latticevibrations,... localizedatomicorbitals
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D fillingof bands accounts fo r (semi)metallic,semiconducting, Hand)insulating behavior
F-

A n y
E A

E F
F -±

!&"!
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" !

¥

"!"

,

↳ successful description o f many (technologically important) materials (Si,Ge,GaAs,I nAs,.)

↳ beamtete.-exam-toisuc.sn-theory:

rü
ß

• free electron Ha in Im T Ä Ä electron i n graphene Ha in#E

&

°

- E .F)
• electrons i n graphene a r e described by 2 B Dirac-Weyl Hamiltonian

↳ justification that this stillworksi n presence of interactions nFermitiquidthelband/Fermiliquid theory fails for strongly.com/atedlquantum)maten-

↳s u c h materials cannotb e understood i n terms of single-electron states

↳ need to take into accent electron-electron interactions a s difficult! interesting?

↳ beautifulyet exotic example for str.-corn material:twistedbilayergraphe.net-4



t.3.strongly-correlatedlquantumlmaten.at/system-

± electron-electron interactions important a s delicate interplay between

Kkinergeband
, Coulomb repulsion, crystalline lattice, Fermi statistics,...

↳ band theory i s either bad starting point o r strongly r enormalized

↳ qualitatively n e w behavior: high-I superconductors, exoticmagnets, badmetals,...

• standardpa : energybands + (Coulomb) interactions

o b Hubbardmod-It extensions)

Dexamp-Ies:

(1) high-temperature superconductors (cuprotes,pnictides....)

(2) cold atoms a s quantum simulators o f correlated systems

(3) quark-gluonplasmasQCDphasediagram

„..............
...........„§

[new k id o n theblock!
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1 .3.1 . High-temperature/unconventional superconductors
B S C

"

" " " ÷ " ÷ " " " "" " " " " " " "" "" " " " " ""Ä
""
"

B Cuprate: layeredmaterialwi th C uOzplanes separatedby layersw/La,Ba,S r i ons

"unconventional superconductivity n o does not conform to conventional BCS theory

euch

!!""""

,

S r0 . -
* superconducting orderw/unconventionalsymmetry Bio

"""!

• h i g h - p a s s : Bio!

" " "

i

s o !

" !

↳ starting point: magnetic insulator (not described by band theory) eng!

"

'

↳addlem o v e charge carriers bydoping
"

:

e sexpect:p o o r conductor µ lattice length v Ä

"observation: \......

"!!"!"!"!!!"! !!"!"! ! !" ! " ! "

↳ such materials contain impuritiesf l i r t Fermi
l iquid

a s challenging to study (chemical doping,...)



1.3.2.co/datomsasquantumsimulatorsofcorrelatedmalen

+ alternative platform to study correlatedmaterials

↳Bo s e - E i n s t - d e n s a ko i n Rb cold atomgas 11995) (Nobelprize 2001)

↳ condensation of cold Fermigases n superfluidity

i s greatprogressi n control a n d manipulation ofultracoldatomsinopticallalti-nei.ra-s-asen-
iear.ae-e.

ma.ae
#aua
ntum-
sim

!

(neutral)a t om s

↳ Ä H
opticallattice

lattice length v 1µm
↳ realizations i n ID, 2B, 3 D

↳ example: cold-atom Fermi-Hubbard antiferromagnet Mazurenkoe tal.,Nature545,46212017)

D technical limitations i n reaching low temperatures for superconductivity ( T v tuk)
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1.3.3.Moirequantum
materirgraphe-e.rsflat singlelayero f Carbon atoms o n honeycomb lattice -

↳ excellent conductor, mechanically strong (Nobelprize 2010) \

" " " " " " " " " " " " " " " "" "

"!""!""!!"!""!!

• aftergraphene a m o r e 2 B materials isolated a n d characterized

↳ hexagonal boron nitride * insulator -

B"

!""" "!""

N
↳ MOS, e s semi-conductor

=↳ WSez.rs semi-conductor

↳ fluorographene e s insulator

↳ 2 B materials c an be stacked l i k e Legos,butalso a t arbitraryangles!

¥ # ÷ :c - Mosz
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↳ what happens when two periodic patterns with slightmismatch a r e brought together?

↳ rotational mismatch by small relative twistangle ⑦
latticeconst.

¥

¥ |latticeconst.

↳ !
↳ large-scale interferenceeffect

"

nsmoir-epaterwra.us> a

→ don't w e a r stripes,you'llmoire!
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"

"

" " " " ±

"

" " ""

|
↳ hugemoi reperiodicity

↳ moire lattice length am v 1 0mm

!

↳ experimental setup:

""""""&

?

" "

substrate

"

gatevoltage
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" "_ " " " _ " " " " " "

|
↳ resistance measurements

Caoe tal.,Nature556,43 (2018)

↳ tune carr ier density i n s i t u by tuning gatevoltage

↳ insulating behavior fors o m e carr ier densities

n o no t expectedwithin band theory a s induced by interactions I s "Mott" insulator

↳ superconducting domes adjacent t o insulating state ( Te E 1 K )

↳ striking similarity to cupratelhigh-I superconductorphasediagram!
1 - 1 1



i f e a t u r e - g i . m g / e T B G
• high control of twist angle 0

• low l eve l o f disorder

• i n s i tu tuning of carrier density ( in contrast to chemicaldoping)

" " " " " " " " " " " " " " " " " " " |• other L D materials available to stack and twist #moire-materials

• n e w platform for correlated electrons

↳ why do w e s e e correlatedphysics i n TBG b u t not i n graphene?

↳ what i s t he nature/origin of the correlated states

• promising for electronic applications

• brings together two worlds: ① graphene and ② correlated electrons

1 - 1



2 . Crystal structure o f graphene and mo i r ematerials



2.1.Carbonatomandhybridi
zah.at>C has 6 electrons i n configuration 1 5 2 5 2p '

FTeledrons i n outer shell

↳ excited state with 4 quantummechanicalstates 125,12pA, 12ps,>, K p )

↳ superpositionof Z s a n d two 2ps orbitals s o planar Spd hybridization:

* ± ± ± ±

!"&%"

e s spa spa sp? 2 P

↳ formation o f a b e n d s wi th spd orbitals fromother ( a t o m s

⇒→ ÷ . . . . . . . . . .

&$$""

"remaining unhybridized P z orbital i s perpendicular toplan

" "

↳ 21oz orbitals form i n bonds v s delocalized o v e r whole structure
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2 Ä _

D Hat single layer of C a toms arranged i n 2 B honeycomb lattice

↳ one-atom thick layero f graphite ( 1mm graphite v s 3,000,000 layerso f
graphene)

↳ basic building block of graphite materials:

" " " "
" " " " " " " " " " " " " """
§

* properties

↳ density: • thinnest material e v e r → g = 0.77mg I m "

• s o dense that e v e n He cannot pass through

↳ strength: . breaking strength ~ 42 N l m

n e t . steel v 1094ms = D 0.335mm film has 2 D breaking strength v 0.3NI m

• also flexible u c a n b e stretched

↳ optically transparent e s absorbs only 2.3% of visible light intensity

↳ thermal conductivity n o a t r o o m temperature conductsheat 1 0 x better than copper

2 - 2



2.3.Graphe.me/
shoneycomblaHiDhoneycomb lattice i s no t Bravais lattice ( i .e . two neighboringsites a r e no t equivalent)

"

ä , = B a d × = a l l ! ) 123A)

!""""!""" !"!"!! " ! "

'iii.:

!
dz-TYGI-tBE.FI/fs)l2-3B)

!

. . . "

" " " "

§= ! ( B E + Ey) 12-3C)

{ = ! t r e t e , ) (2-3D)

Ä = - a Ey 12-3E )

" la t t i ce constant a ' = B a = 0.246mm (2-3F )

↳ u n i t cell a r e a Aue= 0.051mm"

↳ o n e I T electron per C s i te a s density n , = 3 .9.1015cm-2#carrierdensityVater!)
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2 . 4 .G R # - r o c a l l a H i c e

D reciprocal lattice i s defined w.int. triangularBrava's lattice

↳ relation i i . a)
*

= 2*8, where i ,j e {1,23J
↳ spanned by bas is vectors

AF = F I (Ex - ¥ Ey) 44A)

* ÷ . .
f
-

!""""""""&!

(2-413)

D 1 s t Brillouin z o n e (BZ , shadedarea)

↳ s e tof i nequivalent points i n reciprocals p a c e )↳ points which a r e no t connected by reciprocallattice vectors

↳ 6 c o r n e r s o f B Z cons i s t of i nequivalent points K ,K ' : ± Ü = t j a 4 -4C)

• 4 remaining co r n e r s connected to K ,k ' by reciprocal lattice vector

↳ further crystallographic points: Mi, Mz, Ms

2 - 4



2.5.Bilay-ksotg.BA/
tstacking- .

. .

Y AÄFEIE

"""""!"" """!" " "

'

↳ interlayerdistance DAA = 0.360mm (2-5A)

" "

"!!!!"!"!!"!"" $""""" " " " " " ! " "

"
.

|
↳ interlayerdistance DAB-0.335mm (2-513)



DAAstacking

|
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DABs t ag (from rotation by 600)

|
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Drotationby-

l
↳ 12-fold rotationally symmetric lattice → notranslationalsymmet (quasicrystal)

↳ very challengingproblem of electron motion i n quasiperiodic potential!
2 - 8



2.6.Moirepatorotate.cn
by-0=50

A-A

A A AB A B A A

A B A B A A A B A B

A-A A B A B A A
A A ↳ different stacking regions

t osma l l tw is t anglers large-scale m o i r e s generally

aperiodi-
c..................
.........mu/...
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"Geomelrictheoryof2Dmoirep
attert.rsconsider bilayer of two identical honeycomb lattices starting from A A stacking

↳ rotate layers 1 a n d 2 around pa i r o f B sites by ± %

$!!""!!!!""!!" " "

↳ Bravais lattice vectors of layer l after rotation:

• ä !" = R t ! ) ä , with rotationalmatrix R H ) = (^" -sin') k - ①A )s i n e c o s t

................

...........

"
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↳ cryst.ae/moirE potential V t r ) o f bilayerstructure

• superpositiono f crystalpotentials of the twoindividual layers

• c a n b e represented a s a s u m o f two Fourier expansions

Vc i ) =
Eminfumneimat"-+ inaz"'.si

+
wmneimaF.rtinoiEW.rf.mn,

÷ :

! " " " " " " " " ""!!"""

*:

"
lattice constant

• where Ö ! = a-E " - a-E'" ( 2 -1 1B)

= ( R t ! ) - R E G I E =

!

i n%
" "F)E , i c h ,23

→ c a n be s e e n a s reciprocal lattice vectors o f mo i re lattice

→ real-spacemoi re lattice vectors IMa r e obtained from EY.IT= - i j
↳ lengtho f mo i r e u n i t vectors: LM = I I "1=2,9%2, ⇒ LM>>a ' (2-1 1c )

(forsmall 0 )
2 - 1 1



" " " " " " " "" " " " " " " " " " " " " " " " " " " " " "

|
• r e a s o n : periodso f twographene layers a r e incommensurate forgeneral0

• forcertain angles the two periodsm a t c h ( c o - w r o t e case)

n moi resuperlattice structure becomes rigorouslyperiodic

↳ we l tde f ined i f i n i te- i te l

↳ c a n u s e solid-state theory for crystals!

↳ co-abilitycon-i.tw
i s t angle 0 coincides with the angle between

5 = mein t nä, a n d VI = nä, + motz with m i r # (2-12A)

• where a-" ä , a r e graphene's basis lattice vectors

2 - 1 2



" " " " " " " " " " " " "

" "

YAA IfABBY |*
↳ a t o m s per un i t cell:NM)× 2×4%12=6i n%)-2 n s here: NM(3.899--868

layter
s

Inblattices

!

1C)

z . g g

v s exp: N,y(1.054=12,000



↳start from A B stacking

↳ choosei i i .
!" "!

ärztin)

0 0 Bz
Az

↳commensurate structure wh e n Bz rotated t o site formerly occupiedby otherBz
↳ here twist angle between E . = 3% - a ) and % = 35-taz vs-0=21.8 °
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DC-uratetisangesampe
↳ start from A B stacking

↳ choose

ärztin)
" "

!

|↳ agge, rotation,

& "

• moi re basis lattice vectors

[ ' i = 3in-2%
[AM

= 2 ä t a z ( f rom 6 0 rotation)

↳ generalize: [ in = K i t1 )% - l i t t l e , and I I = ( i t1 )ö s t i az . ie /No
↳ commensurability cond i t ion : cos ta ) = 3I I I I IF . ie /No
v . lattice constant : LM = I I ! I = abiz-3i-1-

2.gg
(experiment

&

go)



DC-uratet isangesprocal lattice)

k , KikiKz

" " " " " "

"
|

ä:
^

↳ for sma l l twist angles a s moire Brillouin z o n e i s tiny!

2 - 1 6



Dc-uratestangegeneralase)
↳ commensurate twist angles: c o s (0mm) = tzmmIIIYTT.mnE R 1216A)

↳ corresponding Bravais lattice vectors:

[ i " = m ä r n ä , I I = 12160)I I (216B)

⇐ e i n . . . . . . . . . . . . . . . . . . . . . .

_
§

↳ also works for incommensurate angles

↳ fo r smal l angles e s i ncommensuration effectsa r e sma l l

2 - 1 7



3 . Electronic structure of graphene



3.tl?eparations-

" 3 electrons pe r ( a t o m → strongcovalent5 bonds (energybandsfarawayfromFermilevel)

• 1 electron/atom → I T bonds (electronicproperties a t low energies)

↳ here: discuss energy bands o f T electrons!

" w e u s e the tight-bindingapproximation for the calculation of I T energybands

D genera l i of t b approximation
↳ construct t r i a l w a v e function for many-electron system

• u s e orbital w a v e functions ¢'"( i - Äj) o f t forming t h e

. . . ⇒ ÷ „ . . . . . .

„„„„
„„§• tr ial w a v e function must reflect lattice symmetries (translation invariance)

↳ here: focus o n 3 D lattices!
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"consider Bravai s lattice with singlea tom pe run i t cell and 1 e -p e r atom (generalizelater)

D Hamiltonian fo r E labelledby l E IN : He=- I I I + Öfontre- RT) (3-2A)

↳ here: electron m a s s m , numberof latticesites N

↳ 2nd term: overall potentialenergyofthe carbon lattice feltby electron l

" " → : " - E m - " " "

"ar
me
n.§

↳ periodic function w. a t . translationsby
Rig
o byconstruction

D .t o t a l i t ä r for a l l electrons: H = I I He (3-213)

"assumption: electron l i s originally tightly boundt o lattice site Fee

↳ well-describedby boundstate ¢'"h i ) o f atomic Hä=-FETTE + Vion lie-Äe) (3-20
↳potentialenergycontributions from other ions A N= [Vicente - RT) (3-2 D)

j t e
v s c a n be treated perturbatively
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3.Z.BIockstheo
rem.istrialwavefunction must respectdiscrete translationalsymmetry of the lattice (Bloch)

l > translation operator for translation by lattice vec to r T2: TE (3-3A)

↳defined through: Täter> = I F t Ä > and <F ) Tz = < F - I I (3-313)

↳ described by Tpi = explizp.PT) ( 3 -3C)
\ "momentum operator" (seebelow)

D Hamiltonian H invariant unde r discreteset of lattice translations:

↳ . . . . . . . . . m n . " " " " " = . ¥↳ eigenstates of Ha r e simultaneously eigenstates o f

T E -
duetoai.ci#--2*dijnsmomentum onlydefinedmodulo reciprocallattice vector:

Ö = niät tnaz , mit,n*E R 13-3E )

↳ sh i f t f tp.KG only gives factor eig
Ä

= e - " = 1 i n TE s i nce n e 2

↳ identifya l l momenta which differbyG-n a qu a s - e u t ump . t k restrictedtoIs tB Z
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f -atomicorbitals

D t r i a lwavefunction: 4k( F ) = §, e i t . i t ' ö " (F-FG) (Bloch function) ( 3 -4A)

↳ eigens t a te of Tz : Ta k t i k % h i + E ) = §!eile'Ä ¢'"
(r-TÄTE))

" "

" " " " "
" " "

" " " " " ""
|

D these Block functions a r e no torthogonal!

↳ alternative approach to tight-binding approx.:Wannier funct ions ls tat e
Fouriertransforms of Block functions

• constructed to obey orthogonality relations

• centered/"localized" o n real-space lattice sites

D here: continue with Block functions...
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3.3.Bipartitela
kic.iehoneycomb lattice has two a tomsp e r un i tcell n o adaptprevious description

+ translation by d-relating different s u blattices i s n e t symmetryop.:[Tölt]#0 135A)

↳ need to treat different sublattices A and B separately

↳ t r i a l wavefunction: 4k ( F ) = d e 4J"( F ) + b , 4kt"hi) (3-513)

• here a n bz a r e complex functions o f quasi-momentum te

÷::::::"::::::::
::::

"!"""" !"""""

• example: %= 0 and ö = do,-1)
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D i e s e trial wavefunction to search for solutions of Schrödinger eg . : Http = Ez ln (3-6.A)

↳ multiplywi th 4¥ from the left n o YEH ! = E r 4*4, (3-613)

↳ rewrite i n matrix form: (AE, BE)H#(ab;) = Eda¥ , BEISEITE) B -6C)

• with Hamiltonian matrix a - (IIIIIIIIIIIIII;)-seitens
• and overlapmatrix s , =

(4k¥14" 4¥#4¥
„ * . . . „ * " µ :

„
§• includes integrationo v e r2 D co rd . , Sa from non-orthogonality of t r i a l w a v efats.

B eigenvaluesof Schrödinger eq. rs energydispersion/bands

↳ obtained from secular equation: det (Hk-EESz) = 0 13-6F )

↳ band index t l 2 bands from 2 s u blattices)

↳ straightforward generalization to n a toms per un i t cell e s n energy bands
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3.4.Formalsoketionofsecul
areq.isarbitrary lattice with n atoms p e r u n i t cell: HÄ= %'

" *Hilfe"', ijEEI.in} 137A)
H I V↳ u s e eq . (3-5C): zeig

=
Zeit""-Em'} öfter,-Re) HÄhrtöj-Em) 13713)
r -

=NEfeeik.EE/
rfIr+oIlHatsvIcfkrtirj-Re)-
=NlEEE + tät 137C)

" " " " " " " " " " " " " " " "

"
|

• here sie = f)eik.ie/o'iYr+IoNcrtsj-Re)=siINl3-7D)ä

• hoppingmantie-sie""

!""!!"!!"""

p.ae!""Äh

⇒ secu la r eq . : d e t I t i - K E - d ) sie]-0 B -7-F )

• graphene: E l i ' = Eo s i n c e a l l ( a t o m s contribute s a m e orbital
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3.5.sn/
ionforgraphertbmodel o n honeycomb lattice → accuratelyyields I T energy bands ofgraphene

Dami t E ° because a l l a tom ic orbitals a r e pz . rs only constant energy sh i f t

"choose Bravais lattice vectors to b e those o f A s u blattice (d)= 0 )
↳ equivalent s i t e o n B s u blattice through displacement Ö, = d)= - a 10,1)

Dhoppingamplitudes (overlaptransfer integrals)

(1)nearest neighbors Inn): t = HI )=/,ÄÄ)stoßen+ ! ) (3-8A)

② next-to-nearest neighbors(nm): E t t la )=/,Ötv).NO/Yri-a) (3-813)

③ overlapcorrection: s = !

%

I r i )¢'"(Ftd) (3-8C) ä .

⇐ .

!"!"

(4)atomic orbitals: ↳¢'"
*

h i )¢'"h i ) = 1

&

%
↳ neglectoverlap corrections betweena l l otherorbitals

↳ neglect hopping for larger distances than n u n (ok,be. atomic orbitalsa r e tightlybound!)
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I > hopping amplitude t i s identical for three a n

↳hopping matrix (3-7E ) with a n sites getscontributionsfrom neighboring Bravais sites

• a n : EY = t l

" " ! "

= HEY B -9A)

n o further: s ä = s gef = (sät# 13-913)

n n u n : Efe = t ! = I '(eikai-e-ikai-eik.ae+ e -ik.az+ eiklara ) + e -ikea-a)

⇒

÷.""."...
""""...)D secular eat.: dezfft.AE-Er It-SENKE

(3-9D)
It-sehnigen EE-Ep )}= 0

↳ two solutions I n ± ) : E - = I Ä I I I 13-9E )

↳ for s e i , E k t⇒ Eu,± ztttgyt-tY-styen-iuttlpz.IE/pkil3-9F)
• wi th TEE'_stand w e dropped t h e unimportantconstant-3¥i n laststep

• t .t tc a n b e determinedby fitting (3-9F ) to ful l bandstructure calculations.
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3.be/
EnergydispersionofITeledronsingrapheDEk,

±
= I t IHN+ HYER wi thµE - tteik.at eiklar) a n d t z- 2 . 7eV, two.t t (3-10A)

↳ fo r t ' = 0 n s energy dispersion i s electron-hole symmetric: ER,

!

- E E , - a

D Fermi level i s situated a t points where I T band touches#band (Fermipoints)

↳ fo r t '= 0 this happens a t KD where EKD,

!

0

= D H i , = 0

↳ o n e finds: E , = ± Ü = (±¥3,0) (3-1013)

v s Fermipointss i t a t crystallographic K ,K ' energy

#
düngen

4 = energy i n unitso f t

I T*

!"!"!"""

±.

"""""

^ ! !

" "

¥ : *:

← valence

↳ symmetry E t

"

E -E .± ⇒ i t E E = 0 n s E -ü ⇒ ⇒ Fermipointsc o m e i n pairs



redensityotstatest
definition DOS: GIE) = Gifte-ECE)) 13-10'A )

↳ determine number of states S IE )D E i n B Z located i n E-< E I N E E I D E

↳ DOS i ngraphene L E O ) :
energy 440)

¥
⇒ .

.
!!""&" ""!!!!

HH

"""!"&"&" "

..

¥ : : c

• vanishingDOS n e a r bandtouching E → 0 : S I E ) - E l

(3-102)• divergentD - s a d d k p o i t s E n . t t : g ( E ) x - l a t E - Er, /

" " "B)

n such a divergence i n DOS i s called Vanhoresingularity-NHS)

• VHS n e a r Fermi surfaces large number ofstates which c a n becoupled by i .a .
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3Atight-
bindingmodelsin2ndquantizationformulation>t b formulation easilyimplemented i n 2ndquantizedlanguages intuitive interpretation!

↳introduce fermionic operators:

•
Öfte
r creates/annihilates e -onsiteRjwithspinTEETH}(incorresp.wannierstate.IR;))

" E i n : " " " " + ⇐"" ÷ " " ""
|

↳ hopping-eemen.sk; = HÄ,-Äj) from overlaptransfer integrals
↳ represents kinetic energy of e - which hop from s i te i t o j

D pz atomic orbitals i n grapheneandgraphite (Sater-erformotopping)

↳ HÄ )=-Vp,CRM-

!&

)-Vp po ( R )(Pif)(3-MB)
¥L n here . Vpp.ir/R)=2.7expHRa-1)/0.184JeV (3-11C)

• Vppo (R ) = 0:48expt-CR-d.pl/0.184aDeV (3-HD) htt
+
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" 2 n d quantized t b Hamiltonian c a n be diagonalized using Fourier trafo (af.Bloch⇐ Wannier)

↳ di r = d i r ; ) = ftp.ficolkle-ikri (3-12A)

↳ dito = d i r ; ) = ftp.fcflkletikor: I s - KB )

alt)I F ) fo r s i e A-sublattice 13-12C)
" " " " " " " " " " " "" " " "" " " " " " " " " " "" " " ""

|
↳ dropped spin index for simplicity

↳ H = t [Ethiker;) t h e . = t ? %Eftlrikcrxcni-h.cn. 13-12E )
<ij>← s u m overalln n

= EIG,E)attribute"'
_ " "i i i .einen

+ ↳
.

= t%a4klblklflkt-h.cn using Ge""-E)
OF

= Ns a ,
↳ introduced f ( E ) =

3€.explik.sn) (3-1 2F )

↳ rewrite i n matrix form: H = t E i l a t ) , btw

!&"&

(III) (3-126)
£

↳ diagonalization o f H e n energy bands E r , ± = ± tlflkll-ttlylkllkf.3.UA
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3.8.to#gyeffe-Hamionian(k=1)
* band touching a t K ,K 'points: I g = {(Ära,0) with v a l i d e GEET,-3

* introducemomentum § measured from Eg po in t : R = liegt§ (3-13-1)

↳ expand FCK) n e a r Eg: f-( k ) = 3¥(Gg-icy) + Olga) (3-BB)

0
↳ n e a r K I : Hä = 3¥(*+ µ , "j"") = 3aztr.ci

↳ „ ⇐ * ÷ , : * . . . . . _ ÷ .

"
§
(3-BD)

0

• wi th vectorof Paulimatrices 8= ( 5×9 )

DZDWeylttam.it/-onians-JEq-
Lncenica-ersionEcqI--±#Äg

""

⑦ ↳ wi th Fermivelocity v i . = 3ft - ( 3 -B F )
SpeedofLight
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"low-energy Hamiltonian n e a r Ig points
tt-vt-fdqlatn.btlkdloxqxtryq.it/
YY)tvqf.ndj

talk),btlkDI-oxqxtryq.it/abY)k=kxq
↳ introduce spinor 4=41;D wi th

4+194%17)
and 4 . tabIIIIt) (3-HA)

↳ rewrite H = #Id}44

%

%)# +
(% G)a )44T

⇒ „ ⇒ " " " " " " " " " " " " " " "

"
§

• here × , = ? ① & and [ = # ① sry (3-14C)

↳ Clifford algebra { d i ,a j } = 29114 Cary: irreduciblerepresentationi n 2D)

↳ alternatively a n = ige.ge, a n d x j - ipoyz . r s {geneigt,}= 2GW with µ c - {91,23

↳ e - s i g r a p h e e w i t h - g . a e governedby2DDirac-Weylttamiltonit.istherefore the 2 band touching points (valleys)a t k ,k ' a r e calledDiracpoint.SI-14



3.9.MS/essDiracfermionsingraphene-

"consider singleDiracpoint, n o K-K'mixing a n d spin independence i n

↳ for example valley " + " : Hä = # ( q m + q ) →

↳Yq§
Ä

↳ resulted from t b modelwith only n n hopping a s whathappensfor m o r e realistic model?

↳ m o r e generally: what happens to Dirac c o n e i n presenceo f p e t s ?

D gene-2Hamionia (forsystem wi th 2 energybands):

H = alot)#tbfqtq-byqkytbz.iq) g (3-15A)

⇒ energyd isp-n .E . IQ) = atqt-jbfqf-b.gs?-bfq- (3-1513)

↳

⇐⇐...........
..............

!

↳ forgeneral§ : bieg) t 0

D B t g e w o r k : three componentsof § n findsimultaneous zeros of three bilge)

3 - 1 5



D 2 D c a - only two components otq-lqx.gg) thatc a n be freely varied

n o impossible to find simultaneous zeros of 3 fets. bieg) without additional tuning!

D concreted): considerq independent,translationally invariant perturbation ofHäB -13C):
Hpert. = a l t b i n + bysry + bz ! (3-16A)

vt-lqx-iayltbx-ibyy-zi.se:*.-↳÷ : : * . . a . b z

"
§

= D E
± (Ä) = a ± ftp.tbxt-l#qytby)2-bz- (3-16C)

F o t o
-

splitsdegeneracyo f bands

E t

↳
- { ±

! % $""

⇐

→ Diracma-lbz.am) 13-16D)×
E -

!

E -

↳ Fermipoints for Di rac fermions a r e unstable w. a t . perturbations i n 2 5

* Hofava, Phys.Rev.hett.95, 016405 12005)
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D Fermipoints fo r Di racfermions c a n b e sta-zedbysymmem.es!

Braune : complete low-energy Hamiltonian takesintoaccount bothvalleys1 K points

•

°
↳ 4×4mat r i x : H =

(HÄ Hä) with spinor basis 4=4 , 4 ) (347A)

↳ further: need t oadd spin t . t n 8×8 matrix (omittedhere!)

asymmetries * Mannes,Guinea,Vozmediano, Phys.Rev.B 75,155424 (2007)

↳

" &

÷ . . . . . . . . . ..

"
§

↳s p o t - o n I : ( x . y ) → I-× ,-y) n reverses Ü a n d exchanges A a B (3-17C)

A

! !

• pointgroupoperationaround center of Wigner-Seitzcell

• operation exchanging sublalticesiqlEI.EE/ox--(Es:B I I ) B

"

B

A

D graphene: bothsub.la/ticesoccupiedbyCns invariant under thesesymmetries
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D symmetriesput constraints o n Hamiltonian:

T : H t = Je_*
q - q

I : H I =

qze.jo}⇒ T I : HÄ = EHÄÄ (3-18A)

" " " " " "" " " " "

" "

" ° " ""
|

⇒ n o m a s s gap opens i n presence of s p a c e - t i m e T I

= D Dirac c o n e s a r e protectedby symmetries!

D Case of i nequivalent s u blattices
"

!"!

"↳ n o inversion symmetry s m t o n o gap opening

↳ this happens i n hexagonal boron nitride (HBV) B ¥ " B

D no te : similarly, ↳ symmetry fixespositionsofDirac c o n e s t o K,K'
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K a r k : m a s s contributions also havematrix form

↳ for Hamiltonian with both valleys,of. FA A )

Hpert.= M e z w i t h M = motIÄz"" (3-1gA)
← sublatticespace

• m o breaks inversion I , preserves t ime reversal T

• m , preserves inversion I , breaks t ime reversal T

↳ Mo> m , ↳ chargedensityw a v e state ( CDU )

↳ . . . . . . . . . . ÷ . . . . . . . . . . . . . . . .

!
↳ E y × SgncmsÄh n o Haldanemodelt

* F .D .M . Haldane, Phys.Rev.Lett.61,2015 (1988)

D various m a s s terms may b e caused by

↳explicitsymmetry breaking o r spontaneous symmetry breaking

↳externalfields,substrate,... ↳interactions (Coulomb, electron-phonon....)
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3.10.Grapheneinamagnetic.ie/d- vectorpotential

I >electrons i n magnetic field v s substitution p i → po i =
Pi-EÄi 13-20A)

↳ Hamitonion n e a r Ü ( s - B c ) : Hä → Hq!= ({+
i q ,

& " - "") (3-20/3)
0

↳ corresponding 2 -componentwavefunction 4 , = (%,+ , 4ps,+ IT (3-20C)

↳ choose magnetic fieldperpendiculartographene layer

. . . . . . . . . . . . . . . . . . . .

!

* . . . " ,

"
1>Landaulevelsingrapheneinserhygone

intotheother

↳eigenvalue eqs.:EYAFVFlqox-iqo.MY#fE4A+=lqox-
iqoyK9oxtiqoy)

4*+13-20E)

E .4BFVFlqoxtiqo.HN E'4,3

&

(qoxtiqoykqox-iqoyIY.ge/3-20F)
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D findenergy levels using eq.ES-20A

EIKE#*
EByttiq.dk#tEByI-iq)4+=kqtEByI-
iGIEBTÄÄÄÄÄÄÄÄq;) 4 .

= (lautEBYY-ilqxtEBylq.it 9)↳+ =#xtEBYY-iEBHEH-q.tt
=#+EBYTHEB+9;)↳+

" ""
|

" "

(ff + ¥B)4.+ = HETH- I I I + ai) 4 - I .km

⇐ * ÷ - ⇒ a . IEIÄÄÄÄ:
" "

" i i i . „ ÷ .2 n s
with

↳ i f Ya i seigenfet.o f H' n eigenvalues: kocht ! ) with n e N and we=
Ern
i =
EIBE

D.energyeigenvaluesfor Landau levels i n graphene satisfy

ZIEGE+ k¥3) = two( n+ ! ) ⇒ EI= 2mh-w.cm!)- KEI
↳ E has positiveand negative roots n o extenddomainof n to integers, i .e . N E Z

↳Landan-CLL) En= kw.siracsgnlnIVMTwithwoi.AE#ffEI (3-2113)

• recal l : u s u a l Landau levels E n = ( n t t ) k w e with we = Im (3-21C)
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D

"

t :

↳ disregardedelectron spin a s additional 2 -fold"degeneracy"(note:smallZeemansplitting!)

↳ additional 2 -fold degeneracy from valley d.o .f .

↳ s a m e procedure for 4¥ v s I I = KEI2 (ntt),NEIN. × n o E = 0 l eve l !

• wavelets a t L L n--0 shouldhave 4* -0 (and4*1=0)n n = 0 level i s special

D observation of levelspacing X V I I (3-2113) E ^ .at/
⇒

..................

......!
÷¥÷÷!

↳ confirmation of Dirac electrons i n graphene!

D large separation of lower Landau levels

↳QHEatroomtemperat-
t.isfillingof I L L changes Hallconductivity% ,

BÄÄÄÄÄN
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3.tt#bHubbardintera-
DdectronicfieIdoperators4rlr)

i n many-bodyHamiltonian:

H-§!))-EI' Uli)-µ]4 .c ) +EG.fi/r-4-4rYtEYiI--+,!F-r''L.
" " " " " " " " " " " " " "" " " " " " " " " " " " " ""

|
1 >interaction term: HI= !Ei,

""!

In....nl/?r-
yR4)CInRnrCnzRzrCtnsRsr'CnuR yo'

↳with K....my/Rn....,Ry)--e2/j/r,--RWRY--Rwr-R4)

↳ onsite term ( R E R E R E R4)i s largest: U

"

e )↳'Y I

"

I

"

(HubbardU )

n m u s t have o t s ' i n HI becauseof Pauliprinciple

D H u b b a r d - e : comb ine nearest-neighbor hopping a n d ons i te i .a .

Hubbard = - t [KRtrcpyth.c.t.tk?cpi4za4zIcR,
<RR'>
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3.12.summ
aryblow.euergyelectrons i n graphene behave l i ke 2-tessD.ae/ecronswithr,=rEsoo
↳ symmetry protected Dirac c o n e s

↳ characteristic Landau levels

D graphene: almost everything explainable a s singk-particlep.hu/s-

↳ t o correlate o r localize electrons: need interaction U > bandwidth W

↳

...........".......

..............

!

D twisted bilayer graphene n a strongly reduced bandwidth

i s next chapter...
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4 . Electronic structure of twisted bilayergraphene



4.1.PE/sarations-
DstartwithAAstacked

bilayer ofgraphene n rotate the layersbyangle ± 072

↳ obtainn e w basic lattice vectors

!

" = R l ±%)% 14-1A)
(2)AB),12-10A)

• layer index l E { 1 ,2 } (2-4A,B)

↳ analogously: reciprocal lattice spanned by I I .
" ' ER(±%)

!

(4-1B)

• position o f K,k ' points shifted: Ü! = Ü

"

=

F I R E " taz" ) (Ltte)
* valleyindex

D low-energy Hamiltonian of rotated singlelayers

" "„ „ „ „ „ „ „ „ „

„„
"""" !""!

↳ fromtaking into account shiftof K,K 'pointsand Paulimatrices e-
i%Fa.o.pe

&%

µ
K ! K z

k ,↳ ignore internallymixing between G-± (ok forsmall0)

↳ valley Got two rotated butuncoupled graphene layers: E - E H

Jedes)=\!ÄH) Iggy) with basis An,B.Ha,B) 141E)0
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4.2.lnterlayercou
ph.nl>electronsc a n hopbetween the layers,of eq . (3-1113)

↳Hamiltonian for valleyg : Je ' !
(knülle a tHigh))

wi th U =
(4AM KAß,

B M UB>An U B .
B) ( 4 )A)

↳ U i s a n effective interlayer coupling matrix

• original work * Bistritzera n d MacDonald, PNAS108,12233 (2011)

• here, I closely follow * Koskinoe t a l , Phys.Rev.X 8,031087 12018)

....................

...............

!

↳ real-space fight-binding contribution from Slater-Koster form, of eq . (3-11A)

H,= - I i HR-i-RjlcflR-ilcx.IR;) t h e . (4-213)

"=" - §!HÄ,-RT) I R R E ; I + h .c . (4-2C)

• X.X'denote sublatticesAo rB from layer tor2.ie/'EEAnBBandXEEAz.Bz}
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D lattice sites a r e then given a s

↳ pig
.

=

GÄ
A,

= NÄ + " Ä + Eu where nun>E R

ÄB,= mästhaaat Eis, (4-313)

" "

"!"""""!""!!

[in-planedisplacement

↳ E; = {R-tz-mastnzaz-EA.to/-
dldTEz

(4-3C)

ÄßE mein + nzaII-EB.to/-dldTez ( 4 -3D)

↳ w e choose the sublattice basis vectors a s I I . = IAEO and I s t EBELO,-alt

↳ d o ) i s the optimized interlayerdistances dependso n Ö (periodic i n ä , and a )

• N Ö ) = du and DIEB;)-DAB

• interpolationfor intermediateÖ: dlcrT--dot2deIIcos@E.d) (4-3E)

• äj=-a-F-a-E (4-37)

• do=}ldAAI-2d.us) a n d d .=}Cdu-DAB) (4-36)
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D w e u s e theabove definitions a n dgo t o Fourier space
aging14-2C)

↳ U#(KF) = < t . i tHatte,X > (4-4A)

=-Guttman+ ne in
EITÄÄ

+ d-+
dco-ge-zle-ik.cn

%

NÄHE-E)

Ä )
(4.4$)

D Kulte,Ö) i s periodicwithperiods a-, anda) n o write i t a s Fourier expansion

↳ u . - t . u . m a . n ame : * - i n : *
a
ß

• with Ü# (q):=-IsoId 'E t lR-d lR- I .dez ) e-
iÄÄ

(4-4D)

• here So= Bka? (unit a r e a of singlelayergraphene)

• integration "für"i s o v e r infinite L D space

D t ( I I) decaysexponentially i n R with decay length r o -0.184A,cf.eqs.HNB.GD)

↳ Fourier transform Ü#(Ä) decays i n q v %
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i s n o w consider a rotation withs-aliefwistangeo-
dlr-IR.IQ)- Rl-%)] F (4-5A)

*
distancefromcentero f rotations

B A

" "

" " ""jjjjjjjjjjjjjj
""""""" """"""!

↳ c a n u s e previous expressionwithU#lüg,Eli)) a s approx.forinterlayercouplingofvalleyEr
14-4C)&4 -5A)

• here w e u s e d a-F . er( F ) = (ai'"-Ä'").F = Öfter, cf.eqs.CZ-MB)
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Deg. (4-513) i s periodici n F with moi re reciprocal vectors GI
↳ Ü# (E ) decays rapidly i n q m onlyretain few Fourier components

↳ u s e the largest three terms (m,,mal= (0,0), GM,o ) , Gail) i n (4-513)

↳ µ =
(UA>An
\ UEA,

" "B?) (ct.ec. (4-2A))
UB>B i

n )eiGEIIEY.ru/eiGE:IfIw.guiwG=/: 4)+ l üg
i w i e
"
§

• here W = exp(2Ti s )

• " = - %fü r
ftp.dcpyezye-ikg.pe

"Ü
Slater-Koster parameters

= 0.0797e V (4-6B )

• n '=-tsofdktlptdlR-E.sn/ez)e-iKG.R=0.0975eV (4-6C)

↳ u < n ' reflects that d u > dass e s corrugation i n out-of-plane direction

T u r m u h r
layer1

d ü n n e r e n - l a y e r 2
• this difference introduces energygapsbetween lowestbands a n dexcitedbands(see

below)
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4.3.ca/culationofenergybandsofTBG-
DweusetheeH-eHamitonia

HEY, cf.eq.lt-2A) wi th4 1D)and(4-6A)

↳ calculate eigenstates and eigenvalues i n K s p a c e , wi th R E moire B Z

↳ moi re interlayercoupling hybridizes graphene's eigenstatesa t § = R t G-

• here Ö = m ,G ) + MIET , m a i n zE R

↳ " " " " " " " " " " "" " " " " " "
" ÷ " "
§

• here X c - {An,BNAz.BZ} (sublattice index)

•

n i s the band index

" w e ' r e interested i n the low-euergystatvi.it↳dominated bystates n e a r graphene's Diracpoints
↳ restrict§ t o values i ns ide c u t o f f - Ä o k o t e µq¥

¥c

"

• here Fo i s midpointbetween KY and K'}
•

q , i s chosen a s G c - 415Mt cutoffcircle
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: > w e u s e HSI to solve a Schrödinger-type eq.in momentum spacewransatz Kühler)

↳ intervalley coupling c a n b e neglected n o independent calculation for e a c h valley G

↳ HEIKE r ) = EKELN
↳ w e separate His! a s : H I ! = zeig' + ✓ with ✓=/On

not)

"" " "

" ""
|

• w e have the Fourier expansion: V = Effie

&

÷ ,cf.eq.lt-7A)

"ü"§zeihen(E)ei l t
E)' i

+ [ Vä h i (E)eilt+Et

%

IEGqjeilktGT.si

E .ö "

⇒ ?'H!!,ä GÄHN qq.VE"% .

!

"GÄLE) = E § GELEISE,ä (4-8C)

leig-eeq.lt-8C) yieldsmatrix Hör' to diagonalizewIG.CI' limitedbycutoff q

o

°
• Ha i = (HÄ'"" zeig,* E)Se i + ( ! !-) , 4 -8D)

j u n g
" 'WG

• U

&

GIVE ,ö l i g
"[G)Sängerin+ (

"

u Hörigkeit

!

48f t
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i:÷:*:c::*:"::.:*:*.↳ tBG_BistritzerMacDonald. n b (Mathematica)
storcodesseeappendix!

-

ÄHM),

Ei"
↳ choose Katong path KM-T"-MM-K'"

" " " " " " " t . t t " " " " |0=50 -0=20 -0=1.050

3
E

¥
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4.4.pro/
sertiesofmoirEbandsinTBGDforsmal langles: 2 bandsTalley i n middleof spectrum ( "chargeneutrality")

↳ these 2 bands a r e separated from a l l other bandsbyb a n d g a -
bandwidth of the two separated bands decreases fordecreasing angle

DT- t h e e f e e t l .G L

" "

" !

" " " " "

!!"" !"&!

↳ . . . . . . . . . . . . . . . . " " . - |↳ symmetry-protected D i r a c a t KM,K'" :

↳ energy dispersion: Ed9) = ± 4101191 14-10B)

↳ due t o (4-10A):

→ expect 410) to decrease monotonicallyw/decreasing0 [
⑦→ i n s t e a d : v i .(Q) vanishes a t 0oz1.050 i i i .

⇒ O_
O

i s called the (first) magic angle



4.5.tk/-bandsnearthemagicangle-
DnearO-o:

Diracpoints attached to2-e l y f t a t b ands smallbandwidth

↳ Hat bands a r e separated by bandgapfrom other bands
-

↳ 0oz1.05° : a l- ÷:

"""

:-.. : ]↳ flatbands weaklydispersive nssaddlep-t.in energydispersionnovantlovesingularitelmanyaspects dependo n details a t themodel Hamiltonian!



4.br/3andfilling-
FfIatbandsinmagic-angleTBG:

4 spin-degenerate (topological) bands

↳ 2 bands for valley G= + a n d 2 bands for valley G= -

↳ bandwidth Wieso 0110mehr) i n contrast t o graphenewhere Wer0110ev)

↳ band filling c a n b e adjustedexperimentally with electricalgates

" " " " " " " " " " "" " " " " " " " " " " " " "
"
§

i s f l a t c a r number of charge carr iers(electronsholes)p e rmoi rece l l

↳ ✓ = - 4 : a l lbands a r e empty

↳ V = 0 : kalt of the bands a r e filled (charge neutrality) | integerfillings
↳ v = + 4 : a l l bands a r e filled

↳ V = ± 1,± 2,13 : 1,2,and3 electrons ( t ) o r holesf ) permoireun i tcell

↳ fractionalfillings: everything else fo r V between - 4 a n d t 4
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"flatbandsandtermisurta-forbot.tn valleys eg= ±

4 k
v a nHove

ii.

!"!!""""!"

ÄFFT)

EE
°

↳
energycontours for valley G= + for filling o f + 2e - per moire cell

|"if

"

iiiiiiiiii:
[•note: add discussionof Chern number o f

the Hat bands i n v2 of lecturenotes.]
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"

!"!"!$"!" ""&"!!

ii.

$"""!!"!

↳ saddle points marked by blue/red dots n VanHove singularities i n Do s

↳depending o n twist angleand details:

(1) 6 saddlepointsp e r valley i n band intersecting F S

e r (2) 3 saddlepointsper valley i n band intersecting F S

↳ VanHovepoints: hotspots fo r electronic interaction
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4.7.Comm
ent.si>"fragiftopology":
↳ f lat bands for o n e valley contain two Dirac points (one from each layer)

↳ both Diracpointshave s a m e winding (comefrom s a m e graphene K point)

↳ hard to write down simple tight-binding model for flat bands

* " " " " " " " " " "" " " " "
"
|

Dmathemah.ca/originoffIatband-
↳ interferenceof i n te r-and intralayertunnelling

↳ rigorous treatment possible by setting u = 0 i n (4-613) ( "chiral limit")

n pair of perf-f lat isoladbands for discreteset o f "magic" angles

a s their w a v efunctions a r e reminiscent o f L L w a v efunctions o n torus

* Tarnopolsky, Kruchkov, Vishwanath,P R I22,10640512019)
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5 . Correlated phasediagramo f twisted bilayergraphene



5.to/henomenologyofmagie-angletwistedbilayergraphene (MATBG)

A chapter4 : MATBG i s metal for bandfilling factors V E l-4,4]

↳ but : bandwidth Wasa i s extremelysmall n e a r magic angle

× suggests that interactions c a nplaymajorrole ×many-bodyg-ta.es?*---iuT-"
" " " " " " ""
§

insulatingbehaviorÄerfrIIeiiniI:Ä-FE:.

↳ insulatingbehavior a t integer fillingfactors0 (someferromagnetic)
interactions!

↳ superconducting(S l )behaviorbetweens o m e insulators (Tc~

011K))
}

" " " " "
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5.2.similaritiestoothe.rs/rongly-correlatedmaleriablSept.2

i s i n t e r - i n d u e d i n a t o r and superconducting, s e ep.5-tkf.cnprates,preidides,)

D "large

"

TF :

↳exceeds expectedrangea twhich standardweak-coupling theoryofSCc a n be used

↳similar toTUT,o f othermaterialsn e a r metal-insulatortransition kf.caprates,

p n i c t i d e s . t -. . . . . " " " " "

"
↳densityof states suppressed without being fullyyapped

↳pseudogap opensa t Fermienergy i n partially filledband
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"strangemetalph kf.caprates,preidides,)

↳ high-Tmetallicstate i s "strange" n cannot bedescribed

w / c o h e r e n t q u a s i p a r t i c -
manifestation: resistivity g < T downto temperaturesbelowDebyescal

ef↳ s e e m s i n conflictwith Fermiliquid theory,S a t z <

v . alternative explanation ofg a T : phonon scattering?

.me#..s.esi
n...s.a........

"

↳ global n eMatic chargeorder i n partially filled band u p t o T v 3 5 K and B u 8 T

↳ spontaneously broken lattice rotational symmetry

↳ precursor of Inematic?) SC a t lower T ?

↳ of. high-I S c s : oftenhosts nematickDW....states coexistingKompeting with S C
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5.IQ#an-HaKeffectinMATBG-
DatV=3nsspin-andvalley-polarizedferromagneticChern insulator
↳ quantum anomalous Halleffect...

|

"

÷Ä

""

"

! ""

.

"

i8 -6 - |• freee -: H = Im "ÄÄHLÄ

!

µ}

v s Landau levels: E . =
ebe
n ( n t t ) o

" "normal" quantum Halleffect④HE)
" "¥6

• transverseresistivitygxy-tezv.DEIN
.q„,,„,
„„*=µµ÷+q;µ¥

" "



" " " " " " " " " " " " " " " " " " " " " " " " " " "

"
|

↳ spin-and valley-polarizedferromagnetic Chern insulator

↳ hysteretic transversalresistivity

reallyinsulating (notconducting)a t 13=0

i.÷:

"""""""""""""""""

iii. . .

- steps from ferromagneticdomains h

↳ nota l lsamplesshowQAHEn.ro/eof(mis-)alignedhBNsubslratelsublaHice-symbreaking)!

D Chern insulators w/quantizedHallresistance plateausa t v = ±3 ,± 2 ± 1

D magnetization i s dominantly orbital (and n o t spin) (unique to MATBG)
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" "

"

" " _ " " " "

" " " " " " " " " " " "

"
|

↳ reduction of interaction energy by breaking spinWalley flavorsymmetries V

. ✓

↳ flavorprojectedbands a r e topological a s quantum anomalous Halleffect ✓

"""!""""" """"

:-...

§

• spin-/valleypolarization from i .a .

S -F ü r ⇐
° g

•
n o n - Z e r o Chern number

÷iii.iii.

"

÷........ .es • breaking of t ime reversal symmetry

F ü r E ü n

-Nva-s

"
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I 4 - t o n s u p e r c o n - i t y

" "

" "

"" " " " " " " " " " " " " " " " " " " " " " " " " " "

!
↳orderedsta te occurring below c r i - t emp . n o breaking of global UH ) symmetry

↳microscopictheoryby Bardeen,Cooper,&Schrieffer a coherentstateo fe -Cooper)pairs
↳ needs e f f e c t i v e between electrons n o "peeing"

D q u e s t originand nature o fsuperconductingstates i n MATBG?

↳ electrons require "pairingglue"C e l i a . )

↳ BCS theory: electron-phonon i . a . r s attractive electron-electron i .a . .

• works for "conventional"S C (e.g . Pb,...),butn o t for high-ESC (cuprates,.)

↳ S Cpairingmechanism fromr e p u l s i v e Ä ?

2
→ what happens i n MATBG?
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Dconventionalbesth
eoryinanutshelostartwith: H-Godlike.cz/-g!,cthicztyca,Gii,gc0laHractirei.a.) (55A)

↳ introduce "gap"from Cooperpairs:1=-946*+4,7 W A > = trefft (5-513)

↳m e a nfield decoupling: tkfjECKICErcko-GKEzckptbcipctjt.ua ( 5 -5C)

" " " " " " " "

% $

" " " " " " "

"
§↳ A- fromself-consistentg u n : A .=-gsi¥

%

tank t¥3) (5-5 E )

↳ I froml i n e . ( A A ) : 1 =-gjdcfftanh.IE/igTc)l5-5F)

• wi th DOS S E I
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D a d d i e s ofnormal-stale Hamiltonian maybebrok-e.rsu n c o n v e n t i o n a
additional broken symmetries c a n include:

(1) crystal lattice (2 )spin rotation (3) t ime reversal

D general analysis of possible S C states n a grouptheory

* " " " " " " " " " " " " " "
"
|

D-tze f fec t .veHamiltonian with attractive interaction betweenpairsof electrons

H = [ E I N circa +4¥,I I .VEEEEEIEo.ir?k'rsEkrakohTband'energy
effectiveattractiveE -e - i .a ! zerototalmomentum

( ^ ^ )

↳ mean-fieldapproach n a define superconductingorderparameter ( "gapfunction")

2 . (E)=-tz [Vor "
(hi,täkchtschoß (5-6B )

Ü B T
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↳ u s e to d ecouple

❤

gen-adra-Hamion .am Has

a self-consistent gapeq.noclose to I n s gapfunction Alk) i s smaller linearize

V.Antt i ) = - I Go!Vor.

%

+

(Ekd)soso.lk'Dna (5-7A)

n . ro#enm-r-*w i tncutot tenera .
"
§

• 16-2C) i s e ige-eq .no largesteigenvalue k determines I and symmetryofAlte)!

•

quasipart-ergy (WIunitarypairing): ECE) = VECKY-i. INT (5-7C)
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D momentum dependence of gap function A l k ) i n B Z

• irreducible representations (irreps) ofsymmetrygroup of normal-stateHamiltonian

D for 2 D honeycomb lattice Graphene) n crystalsymmetrygroup Gern irreps.÷: i
"

i
!

i
"

÷| -I I IA , „ „ ⇒ „ „ „→µ , §µ ,µ . µ ,iiiiiiiiiiiiiiirr.
D Asg i s fully isotropic m s - w a v e symmetry (following notation from atomic orbitals)

↳ doesn o t break additional symmetries n o conven t iona l
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" " " " "" " " " " " " " " "" " "" " " " " " " " " " " " "

"
|

↳ preferencetowards fullyyappedspectrum ( n o nodes!)

↳ ful lgap fo r(k-space) isotropic Asg sta te

n o b u t : Asg energetically disfavored by strong onsite Coulomb repulsion

❤

Coulomb repulsion also favors spin-singletpairing (excludes E in )

• next-lowest n o . o f n o d e s : Ezg

Dirrepezgis :
↳ linearizedgapeq.IEA) gives s a m e Tc for a n y basis function belonging to Eg
↳gapfunction c a n b e (complex-valued) superposition of basisfets. i n Esg

• example: ( k× ± iky)? = K i - K; ± Likely ("du ,± ich

$

/"chiral d -wave"state)

n th i s superposition has full gap (nonodes o n FS)n minimizesfreeener!

n o breaks time-reversal K : K a r l = Ä H ) fühlte) for fixed0
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* materials wi th L D hexagonalsymmetrya n d strongCoulomb repulsion

↳previous symmetry+ energetic arguments suggest:c h i r a l d -
problem: starting assumptionneededeftectirealtractive.io"" " " " " " " " " " " " " " " " " " " " " " " " ""

ß
i squestion where could p a r i fo r 57A) c o m e from?

↳ Spin-/charge fluctuation mechanisms

o b not easily included i n m e a nfield approach

a s naturally included i nfunctionalrenormalizationgroupfram
eworte..lecturenotes to b e continued... (or checkm y notes o n "InteractingFermiSystems")

v s application of RG to MATBG, e .g . * Kobe,YuanF u ,PRY8,04104112018)

"phonons may b e relevant,e .g . * Wu,MacDonald,Martin,PRL,25700112018)
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DMathematieacodetonumen.ca/lycalculateTBG'sbandstructu
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